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Chapter 5 : Vector Calculus Line Integrals through Vector Fields

↑
Ymponents

Line Integrals of Scalar Functions:

a
- Let be a continuous Vector field F

defined on a smooth curve C,

-

aiven fasy) and rict).
- given by f(t) for a = t = b.

Phenomenon
/

↓

=

V ↓ Many2

- Then
,

the line integral of F along
aggregation A = f(x,y) as a path

+(
dA = f(x ,y)as C is :

= firstl ir'ctil at it a
+ =

al
parametrize

- J, FariScds
= Creat = )MdTi

< M
,N >

-

The line integral measures the work done by a vector field

1. Evaluate J
,

(2+ y2)do counterclockwise over the along a path.

circle of radius a centered at the origin.

A = S
,

firceD In Cell dt 1.(g) = <T -155 = <xy2 , -34

r(t) = t3 + t25 = <t3
,
+2) Of +1

f(x ,y) = 27 + yz r'(t) = < 3t2
,
at3

↑ (t) = <acost
, asint) Ot Gr

"(t) = <-asint , acost retchy> parametrize
15'(t)) = 2

=(t7
, - tb > &

f(F(t)) = 2 (acost) + Pasint)2 F . F'(t) = 3t" - atz

= &cost + 4 sint

= 4 (2c0s't + sinit) = 4(cost + cost + sinit) Line Integral : J'3t"-27at =t- I +O]d
= 4(cost + 1) = 4)(1 + COS(2) + 1) = 50-t

= 4((OS(ht) + 3) = 2(cos(2t) + 3) =0 =0 /
↳

slight boost on Fr (t) from E

: A = 2 / Cus(2t) + 3 Gdt

I

4 . Ina-et ]e 2. F( , y ,
z) = <sin(s)

, (os(y) ,
xz

= 4 . 62 = 244/ F(t) = < +2

,
t3

,
-2t>, OktE2

f'(t) = <2 t , 3t2
,

- 2)

↑ (t) = < sin(t2) , cos(ts)
,

- 23 >

2 . J
,

has along y
- cE from 10.07 + (1 , 17 -10 , 01 # (t) . '(t) = 2 t · sin(t2) + 3t= cos(+3) + 4t3)

along y
= x

A =("fir(t) I'(t)) 2 = Boat sin(t2) + :Ecos(t3) + J
.

"Its at

2 : F (t) = < t
, t

= > OtEl
ya ( , )

= - COS(t2) + Sin (+3) + t 43%

ca = (t) = <( - t
, 2- t) OftE

94
=

- (OS(4) + sin(s) + 16 + cos(0) - Sin
> T

G
== cos(4) + sin(o) + 17/

A
=(

,

2xds + Jaxd
#

u = 1 + 4t7

=I' at it + So2-at (2) at an ot at

= EJ,

'n' an + J ! z-at at
at dt = & J

,

F-dr = J
,

F
, d + Fady + Ezdz

= E 211tht2)*+ zet -t2] !

= 5(55 - 1) + /
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3. F =
<y,

x) Cis y : 25 from (00) to (218) Flux clockwise rotation

of the tangent

W = S,F(rct) - FCt) dE - If a path is someo => , then R = < y' , -> is

normal to f and points to the right as we travel along
F(t) = < tiat> Oth the curve. to what extent are

C

997
we crossing

r'(t) = < 1 ,
4t> across the field?

↑

F((t) = < 2t2
,
t >

-

Flux is the measure of flow through a

< X contward normall

E(F(t) - r'(t) = 2+
2 + 4t2 = 6t2 curve so the formula is n =x= 0

= =<y ,
-x

: W = /: 6t at = 2532 = 1411
9,FNd.& -

proportion of equivalent in
the field in the

normal direction

4 .

F =

< yz ,
xz

, xy
E So F:(t)dt = J

,
May-Na& ↓

F(t) : < t2 , t ,
+3 > OtE2

&

<M
,
N ↓< y ,is

<

W : (
,

F(CE) -Ct) de &

S
.
FXTds = S,FX rict) at

f (t) = <27
,

1
,
372

Frtt 3t = 6t 1. Calculate the flux of F =x ,> across the circle of radius

3 centered at the origin oriented counter clockwise.

: w =fj6ts = + 63% = 64/1

JcFindt = J May- No

Circulation r(t) = < 3 cost
,
3sint) Of the

-

F(F(t)) = < Scost
, 3sint]

- If a line integral of a Vector field F is
along an oriented, r'(t) = < Ssint

,
Bcost]

now much they
closed curve

,
then work together F = < M

, N > Ex = acost + 9 sint = 9

closed curve
-> ds = O

,

Mdi + Ndy

is called the flow/circulation of F , and it measures the :. 9dt = 9] = 18 e

tendency of something to flow in the direction of curve C.

1. Calculate the circulation of F =C-y ,
> along the circle

of radius2 centered at the origin criented counter-clockwise.

&
c = b

,
F -Yds = PF -() de

↓-
M N

(t) = < Gcost
,

asint) OftEar

r'(t) = < - 2 sint
, acost >

F (F(t) = < - asint
,

acost>

F(r (t)) . '(t) = 4 Sirit + 4 c05t = 4

: c = (324dt = 4t]* = 82//
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Fundamental Theorem of Line Integrals
: Green's Theorem : # C is a positive-oriented loop

it not : negate answer .

- Recall FTOC : Ja + di = +(b) -fa
Ya

⑨
an

③ # Loops can be manufactured.

&

8 <
> 1

- (ineorm) : 1. Of - ar = + (F(b) - - (F (a) counterclockwise Clockwise + Cancel
out

positive negative

-

(Definition) : Let # be a vector field.

- We say F is conservative if If(, y) such that
- A non-conservative field will not "balance" with a loop.

F : Of ↓ a gradient field ya C

· path independent na - If F has a positive effect
,

>a
then there has to be circulation

G

-

aiven F
,

how can we determine ifF is conservative ? around my loop ?

1
.

F = C , > ·
Conservative ? -Green's Theorem relies on measuring the circulation

fx = - =3 - x + x(y) 1 f(x , y)
= -x +2 Cor curl) inside the loop to measure the effect of F on C.

fy = y
=> 2 yz + c) check : If = < - x , y>

: E is conservative . Circulation / Curl Form :

-a
simple ,

closed -> 0 FF - Eas : J)rSo (Nx - My)atcurve -

Ex: Compute the line integral of c over F = <-( , y> ad curl/circulation density

C
Flux Form :

(F · d = f (F(b)) - f(r(a) (5 ,3

&F - Nas = (Ny)dA
2 = + (5 , 3) - + ( - 3

, -1) (-3 ,
- 1)

2- D divergence/flux density

= ( +) - ( +) where F = < M
, N

=
- 13 + 8 = - 3/

-> iMR3
,
it curl F( 8xF) = o

M ↓
⑫ 1. F =ye ,

ze">
,

c = 20 ,0 -> (3,0) -> (3
,
4) + (0 , 4) - (0 , %)

Yn- We can use clairant's Theorem : facy : fye (8 ,4) (3 , 4)
- Ex :

M J
.

F - di =She"-e"(a d ~F = < - x , y)

Y M = fxy = 0
= j"Jeddy

N =

fyx =

facy = typ = 0:.E is conservative.
=S"i- 1 dy

= 4(e-1/

2
.

F = synd 2 . F- yes over (0,0) - (3 , 0) = (3 , 1 = ( , 1) -

->

: F is conservate e (1 12)-> 10 , 2) -> 10 , 0

J,F · ar = SS Ne-My da %
A

I I
= JJ

,

(y
2 -x)di My

~↑
3. F =

(xy+ yz ,
x+ 2x

>
O 2

3

=:F
is not conserviceit ·

= Soyc-say + So'ayz - 4 dy
= 5 y-yj8 + Ey - 4y] :

(Corollary) Let C be a loop and let F be conservative. = - 1 + = - 4

Then , &
,

F - dr = 0 = - 5

*
F . di = f(rcb) - f(r(a) =

-/Ja
But since this is a loop ,

a= b.
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-Divergence -> Dot Product Curl -> Cross Product
zM

a curl F

- Recall
, gradst) = V= or < facity , +z)

- The curl of a vector field is 20 , 0
, 1)

scalar function > Vector field curiF) =F =NYa
suss 85

-
In0010 s 8 ↳

- 8xF= x <M
,
N

,
P

- The divergence of a vector field is ↑

divcF) = V . F= < M
, N ,

P > =· Vector field
**

> Vector field

= Mx + Ny+ Pz < flux through a surface MN P
↓

G-D flux from Green's ineorem

Vector field > scalar function
-

Curl is a measure of how much a vectur field is rotating
about a point or direction.

F X F
44 .44

14* -
net emission net absorption neutral 1

.
Calculate &x given F = <yzz , scy

>

divF( ,yizk o divF
, y ,z) <O divFGliy,

z) : O

&F
yz xE xY

1
.

F =

<y , xyz , 0 Divergence at 10 1
0

, 02 ? = <x-x
, y y ,

z - z) = 20 , 0 , 0
= 8

divf =

y
+ 2xy + 0

div F
(0 , g , 0

= 0 : neutral.

2· Calculate Ux # given F= < 0
,
x

What about at (11-1 , 1) ?

8xF = (Nx-My)
divF(1

, -1 , 1) = --2 = - 3 : net absorption
= (1-0) < 0 , 0

,
13

=
<0

,
0 , 1) =

2· Calculate 1 . F given F =E ,y

V . F = Gx + 1 = variable

3. Calculate 1 . F given F = < x , 2y ,
3z)

V . F = 1 + 2 + 3 = 6 - constant net emission


