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Monday, January 12 Wednesday, January 14

Chapter 1 : Basic Introductions example : y '(t) = E( 3- y)
Chapter 1 .7 : Basic Mathematical Models ; Direction Fields 7

.
Set y'10 and solve for y
- 0 = 한 [ 3 -

y>

example : f : 9 . 8 . 중 =⇒

y
= 3

a
.

Let y
> 3 = 4

1. Let : 0 and solve for v. =⇒
y
: 1る ( 3 - 4] < δ

=>0 = 9 . 8 - 5

inflection point
3. Let

y
< 3 = 2

=⇒ √ = 9 .
8 × b

d \
√

=⇒
y = リ王 (}- 2) 30 T

= 49 m / s 9 . graph

y n

2
.

check both sides of inflection point. ↓ ↓ ↓ ↓ ↓

a . let r = 5 o

㉚

서
V

蘇j
"

-
segnisinringint

=> 덟 = 9
.
8 -

万
θ

= 9.8 - 10

= - 0 .α LO

example : y'(H) = (y- 1)(y- 5)
repellent

b. let v = 43

⇒ 어음 t =
9. 8

.음 ⑤

ia
θ

. 1 . Let y= 0 :

S

ny

스트프크크!
_

= 9
. 8 . 9 => y = 1 and y

= a
. ↓ i ↓

√
^

=- 0.8 > · h . Let yos
: 6 .

ー

=⇒
y

'

(+) 3 o

4
-↓ yequilibris 3

. Let k

y
2 g = 3 [

,背背耀
, 。

PATANA => y
' (t3 < o stable-state point

H 4 . Lef y
× 1 = 0 casymptotically stable)

\

=> yKt) 30

definition : differential equation
-

a differential equation is an equation which contains derivatives

of the unknown.

-

there are two classes of diff . egs .

⑦ ODE Cordinary diff . egs)
② PDE(partial diff . egs)

- the order of the diff . eg is the highest derivative .

- Y ' →
y
"

→
y

" →
y()

-

a linear diff eg . is written as :

装 + Py = Q ,

where P and Q are functions in X , or

+ PX= Q ,

where P andQ are functions in y.
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example : determine whether the following diff . egs
Friday, January 1

are linear or non linear.

recall : linear diff . eq
1 .(y+t)幾袋

_

最 }: 麻
一舞 + PY = Q

y + Py
= Q Where P, Q are functions of X

ip ia -

y" + Ry + Py = Q where P
,
Q

,
R are functions of X .

- Since yet is not solely a function of to -

y
"

' tEy " tRy
'
t Py : Qwhere P, Q , Riz are

the diff. eg is nonlinear. functions of X

- In general ,

2
.

3
y'
t Ctt4ly = t' ty

" yo
'
t a

,
(x) yon

' " .
… t an ( x) y

: Q

y
"

- 3y
- (++ 4)y

= - tz

- Since (+ 4) and te are solely functions of t, topic
: introduction to initial value problems

the diff. eg is linear.
↑

find derivatives , plug in

example : Verity that y(x) = ce2, y(0) = 3 is a solution

3 , y
( 33

= Coz [aty] 九 y = zy 3

-

Since cos(ty) is not solely a function of to -

Y'(x } = ace2
x∠2

the diff. ey is nonlinear.
-

plug(2) into (1) :

⇒
y
= すy

4 . y
(43 +λ y

(33
+ cos {t) = ε y =α (Ee

2×)

=

y
"

(x)

- Since eY is not a function of t
- solve for Ci

the diff-ey is nonlinear )y
( o]= Cea

(o)

3 = CE7]

=⇒ C
= 3

=> y(x) = 3e2x

example : Solvey' = zy , y(0)
= 3

一出響
⇒ J급 = afax

⇒ mlyに 2xtc

⇒ y
= 92xtc

ie+ c
= e

=> eex. g4 고

㉗
τ ce ☆

-

YEx) = εE
2x

y (o) = cer (0)

=⇒ C = 3

=⇒ y (x ) = 3
e2

xA
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example : bunnies att = 0
, population = 1000 bunnies Wednesday, JanuaryG)

rate of population < population.

example : solve y + y-eat ㄻ

_ β (0) = 1000 - ay/at + P(t)y = Q(t)
D으

^

dt = KP where P(t) : 1 and Q() = e2t

금 - k at => we have a first order linear diff . +g .

{: Kgat -

let's use the method of integrating factors .

|n |p) = kt + c -

M (+) = h
SP(t) at

=⇒ p = ℃
K+tc

= e
Srat

=> P <+) = cekt = et ㎡

- p [0} : 0 = 7000 -

multiply () by (2)

=3 P [5} =100 OektA = 3μ (t} y '
+μ (t) y

= µG} ert

etyl +ety : etect

example : solve a = (x-2)
, y(0) : (et y)) = est [product rule]

ety : Set at [integrate]
-

dy = (x-2) ax ety =/est + c

Jay = J (x-2
]

dx = y(t) =e + cet

- Let U = X-3 -3 du = ax
-

Verification : plug everything into

=3
y (x) = Jur au y(x)

= Yu)Q(x)((x)dx
: 김 u

3
+ (

Y(×) : 高 (x- 3)3
+ c example

: solve ty'-y :fet
,

to

- y() = 5 (2)+ c ty'-y = t
2 et

3 = 永 t C y'- "ty = fet [ divide by t]

:⇒ (
= 号 -

,MCt)= eSpitsalt = e
f-"tat

이에|
=3

y (x )

=

京(x-3}
3

+号的 { =εt
"

= ジ

=⇒ tly')
- t ( "

ty) = t
"

(te -)

Chapter 2 : first order diff. egs ty" E
?

y
=

e
't

Chapter 2 .7 : linear egs : method of integrating factors t' y

)'
= et

t
'

y
= fet at

recall : first order linear diff . eq => y(t) = +(e+
+c)

一 + P [)= Q ()
need coefficient×
미 y + 4(x) = a(x) " example : y'-"y = et

, y(r) = a

-

multiply G) by M(x)
P

(X)= - '13 ,Q(x ] =
t

~
(uv)' = wv + uv'

,. y't MCX3 Pix)woomay :JMCX )QCx} )
-

MH) = eS-13at

リt
⇒ 歳 (µy] :

jug
'
t

M

' 33 ℃

-
4 /号t

-

compare (3) with LHS of (2)
- e"sty - /ze3 y = e

一 4号七
=>

µ' = M (×) P(x) e
”

() = e

du/ax =

M(x)P(x) e
~"3

ty :

-34 代
4135

」 c

=3 dM
}μ u(x ) = P(x }d =2 yεt}

= &
"3t [- 34 f

413t
+ c }

t 13

(
*Y(x) = (P(x)ax = 一引代++ ce

(n (y(x)) = (P(x)dx y (0) = 一引↓ t ℃ = a

>/
M(x): e Sp(x) ax

(4) コ o
= at

3/4

- rewrite (2) With ㉗ :3
y (t) : -μ Et [ a + 弘] et 13

A

=] My ' au 'y
= M[x) Q (x]

(Y ) "
:
μ CXD QEXY

Jays' = (u(x)Q(x)dx
my

= Su(x)Q(x)dx

YEx)
= Yu juEx} Q(×} 9x 回
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Monday , January 26 example :

recall : method of integrating factors
-

ty
-

y
: tee

'

t
=

y
'
- "ty : te

-

Y
'̂ P <x)y = Q[x}

⇒ pE+}=Yt ,
Q (+) : tet

JP(x)dX SP(t)dt S-/t at
-

µ= e
-

u(t) =e 닌 E

-

y
=

"Yu[ /u (x) Qcx )dx = ell t
|

=
"t

example :
-

y
." tty 5)= e '

t

(.
"t) ' - et

~

Cl +tz)y' + 4 ty =

" (htt
, y(0) : / =⇒ y

- "t - Je
' t

dt

t
=

y
' + 4t/( 1 +tr) y

:
" / ( 1 + t

2]^
-

- 七 + E

=

s y(t )
= - tēt +ctA

⇒ pCt) = 北(t ) ,Q( + ) =1 - itt)

M (t) = eSpetl at

example :

= CS
4 t( itt2) at

l9t y : ittZ ⇒du =2 tat ⇒dt = -

y
- "3

y:
e '

t

, y ( o)= a

=> eaf auu
= ea

1m / 1+t지
⇒ PC5) = - 13

,
Q[t] : et

= 《+tz)2 = 1 t at2+ t4 ⇒ U(t) - eSPCt} at
= e

5 - "3 dt

~ 1/3 t
= e

-

Y
' ( ittr)

'

t
y

- 4t ( itt)= ( itt')

[ y
( 1 + t2)> ] = 1 Y1 ( +tr) =⇒

y
'

e

't"-
y ( -"se

"3t

) = eut's

.

4t/ 3

Y -
( ttp=

1 y itt dt
り( e

' t13 ) 1
= [

.
_ 451

= fari"ct) + C ⇒

ye '
t's

. Je
-

24t1

ab

=>
y(t) = +an()(I+ +2) + c((+ +2)-

2

=14 c tC

ㅇ => y(t) =

-3/4e
t

+ ce
+

- y(0) = +an"(ot(1 +2) + x(1+ 82-
2

… -

y(o) : ,tite"
⇒

y(t) = tan
" '(t ) ( itt)

?
← ( ittz)

?

a
= 3/4 +[

= (' )"
(

tan"(5) + 1) 丹 =⇒ C = 9
- 314

⇒

y(t)-
-3140 t +( a

-314 )

e3

田

- lim y(t) =
-3/e+ (a - 3/4) +

*3

+→ ∞
= ( - 3ψ) et1s

- if a
-314 = 0 ⇒ a= 314⇒皆 = 0

anlyneed

eneclcoett
lineetlss ㅣ - if a - 31470 ⇒ a 314 ⇒

凸職 = ∞

0 Vt

- it a- 4 c o ⇒ U c314 ⇒
幾乳=

… ∞

- lim y(t) - -3 µ
e( -∞

) +Ca
-314 )

e

*B _ - ∞

+ - - D

yn

ー

—…、
エシ ↓ れ↓↓

吉き

“
_

st
V
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Chapter a a : separable equations example :

"

Y/ax =

** - **
/4+y3 , y()

= 1

-

Lef ulax : fcxiy) → 州(
y 3 )dy =(×3 ) dx

= ay/dx - f(x, y) = 0 Jl4ty3)dy
: J ( 4 × - X

㎥) dx
- Then let Mix, y) = - f(x,y) and N(x , y) = / Y4y"

+
4 y

+
G = α xP - 14 x

"
+ Cz

= aylax = f(x ,y) y4 + 16y = 8x2 - x4 + 1

=

,
U(X

+ N (x ,y]
ay/dx = 0

. f(x ,y) 7
-

y( o) =)
y

4 + 16 (y)
= K

=⇒ µ( xiy )dx +NY , y) ay = 0 I + 10
= K

↓ function of y
=⇒ K = 日

function of X

separation of => yu + 16 y
= 8x

2
-

x
4 +日 A

λ variables> m (x) dx + N (y) dy
= 0

Z

example : solve ay/ax =

*
Fyz I

non-linear

Chapter 2. 3 :

modeling with differential equations

- ay/ax =

*
/1- yz recall : growth/decay functions

=) (y
㎡} dy = X

2 dx

=3 gl - yzydy : SX㎡ dx - apat = 1P

= 3× 3+ し ⇒4 p
= k ut

Y - By
3 + C . ころしぱい )

=3 3yy
3 = x

3+⑭ jaP/p = Jk)at
3y- y3 - xx = k Inpl = kt tE

:、 PLt} : E
" tts

: {
kt

. '

example : solve aylax =

3x* + 4x+ 2/
acy - 1) , y (0) : -1 pCt)

= C ect 曰

K> 0 =
growth ->

population growth
viruses

=> lay-aldy = (x+ 4x + 2)dx K L O => decay-
> radioactivity

교

J(y -2)dy = J(x2+ 4x + 2)dX
half life : ty2

y
㎡

. ay
tu ,

= ×
3 + 球 t す× + E z

=> yZ - 可到 = x
3

+ Qx>+ Qx + K

()
る

= ×
3

+ 2×2 + 3× 5 K defintion : doubling time (+p

=⇒
Y (x ) = 1 上

X
3 +αX 2 +3xth - if t is doubled

, to -> doubling the amount of Po

B( 5) : Po ekt
-

y(0) = IF VK 3 す P8
= Po ekto s

ㅢ
= 1ITk =s 2 : ekt "

- 2 = 스 σ업 =) K = 4 in 12) = 17 tp

⇒ Y(X) = 1 上
×

3 +22 + みxt - + x
= Yk(n(a) *

× (x +α )+α ( ×+) tforxaun

definition : half life

- this is the time needed to have half of the initial amount.

一 もりる : 1 K mα 1

= " K ( in]im (a}

= - "
k 1m 2 田
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Friday , January 30 example : a home buyer can pay $800/month on mortgage payments
at an annual interest rale of r (compounded anually) . The

example : a radioactive material is reduced to "3 after 10 years. Mortgage term is 20 years . determine the maximum

find its half-life . amount this buyer can afford to borrow. Calculate the

amount for (a) r = g % and (b) r = 9%

- P(t) = Pjekt

"3 % : Previ _ dP/at = r4 - 800(m)
,

P(20) = 0

1 OK

13 : e =  P- 9600

1n ( 3): 1 nlok P
'

- r B = 9000

m( "3) = 10 k -

Mlt) = e
5rat

. e

' rt

어
=3 K =

一啊o -

p
' yert ) tp {- rert ) = 9000 e

一
㎥0t

=⇒ p(+) : Po e pert - 9600 fert dt

=
-

- 9000 ertto^
-

m31not
_

aOOO
- "3 Po= e =⇒ p(+) = /r tcert

- In2 = - 1n3/10 . t - p(aa) = 9600/r + ce
gor

=s t - 10 in ( 133 Ψ 8 = 9680 + ce2Or

0
= - Ir 9600 e

' zor

= P() = "v9000 - 19008220rert

example : if the interest rate is 8 %, compounded anually , find
= Yr 9600 (r erht

- a0)
)

the doubling time.

(a) p(+ = 0ir= 0 . 0s) = %
0 . 03

. 9000(1 - e00s (20))
-

P = Pekt = 1 a1, 367.

2Po =po e0 .0ut

b) 4(t= 0 ; + = 0 . 89) =0 . 89 · 9000(1-289(2d)
2 = 20 .

08t
= $89, 835 冊

Ina = 0 . 08t

⇒ t -

inb/ o . 08

Monday, February 2

example
: start an IRA account at age 25 . suppose you example :

initially deposit $3000 and you deposit $2000 yearly at
- @ + = 0

,
a tank containing Qo lb of salt dissolved in 100 gal

8 % APY
, compounded continuously . Find value after of H20 · Assume that water containing "4 1b of salt per gal

40 years. is entering the tank at a rate of rgal/min . At the same

time , the well mixed mixture is draining from the tank at the

- S(H) : IRA amount after + years same rate.

- a3/dt = 2000 + 0. 085
,

S(0) = 3000 -

Find the amount of salt of any time .
+ > O

s' - 0 . 086 = 2008

⇒p (+): - 0 . 08
-

Let QC+) be the amount of salt in the tank& time t

µ( t)= eSpitl
at. efa . - orat

-drat = in rate-out rate

- 0 .08t
그

e 13/min = 4p1/g · rAmin-
**Yo0 *

1 rAmin
=> s'e0 . 08t

+ 97 0 . 082
0 . 08) : 20000. 087

= YH r - ycc Qr

(ecosty1 = 2000e
% 08t

- dQ/at +
+
/100a = "ur

- 0 . OSt - 0 . 88t
:3 se

= zocofe dt -

M(H) = 1SPCtdt-eS"/0rdt = e

*t/100

=

2000 é-0
.08 .%

0 . 08 + c
- d'et/100 + Q (1/00 - et100) = ext/100 . 14

=> S+) = - 25000 + Ce
0 . 08t Coertra = You Sent100

at

- s(o) = - 28000 + ce 。 Y
4 tン 」

100%a ert/100+ c-

r+/10o
3000:-23000 + 2 => <= 28 000 =⇒ Qlt)

=

25 tce
0 . 0 8t

=> s(t) = - 25000 + 28000e Q(O) = 25 tc ⇒ Qo - 25 = E

S(40) = - 29
,

000 + 28 , 000 e
0 .

00 (40)
. $ 677

, 977 => Q(H) = 25 + (Q0 - 2s)y
- r+/100
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example : Wednesday, February 4

-

A ball with mass 12 kg is thrown up with initial velocity 10m/s

from the roof of a building (30m high) . Assume air resistance Chapter 2. 4 : differences between linear 3 non-linear equations
is 11/20

· Find the maximum above the ground the ball reaches.

-

For a linear equation :

- [f = ma

hm y
' t

pstly = QC+)
, yCto) "

yo ,

- air-mg = ma we have the following theorem.

- Va0-"2 . 9
. 8 : 12 .aYat

Y9Y/at + "20v =
-12 . 9 . 8 thm : linearexistence 3 uniqueness

dv/d+ + Y0u = - 9 . 8
- if P(t) and QC) are continuous and bounded on

-

MCt) = eSpetl at
: efyioat .

etlo
an open interval (a ,b) containing to

, then,

- vi(e+) + v (/10 · e410) = - 9 . 8e
+/10

a unique solution exists on that interval.

vethr = -9
. 8 Je

+ /10
at

:⇒ √ (t) = - 98 et1 iotc
- /1 0

v()
=

- 98 + ce
-

For a non-linear equation :

- v(0) = - 98 + c y
'

: f (tiy) iy(to) =

yo ,

ル = - 98 + ( =⇒ ℃ = 10 we have tree following theorem

=> vH) = - 98 + 108e
-t/10D

- @ Mmax ,
vH) = 0 thm : non-linear existencea uniqueness

- t1 v
=> 0 = - 98 + 108 e

- if fet , y) and
of
y are continuous and bounded on

tho
95 = 108 e a rectangle (2 < + <, a <

yc b) containing (to , yo)
98/08 = et/10

thenJ an open interval around to contained in

In
9 % 08

=
- 5/10 ( , B) where the solution exists and is unique.

=>

tumax
= - 10 In (95/08) = 0 . 97s

_ t/iv
-

Recall, vH) = - 98 + 108e example : Find the interval where the solution can be defined .

dn/at =
- 98 + 108e

-t/10

- t/10
=> n() = ( - 98 + 100e at ty'+y

= t3

, y(1) = 3

- t/10
=

-98t- 1080e + c y
'

" +" ty =
t

-

n (o7 = - 1080 te

30 1080+ 6 = 3( = 110 m using linearity
=>

n(H) = - 987- 1080
+ 10

+ 1110
-

th isIts Of

- Then ,
It is its Xt , t + 0

hmax = h(0 .97) => solution interval = ( - 0 , 0) U (0 , x)
- 0.971 V

=
- 9U(0 . 97) - 1000e + 111 b - since (-1 , 3) + (-0 , 0) ,

the above interval

= 34 . 8m A contains a unique solution.

using non-linearity
-

Y
'

= fctiy)
⇒ fitiy]

=
t

~
- "
ty

- f(t, y) is its Ot , + = 0 .

- guaranteesa

- of
y

= - "t
guarantees

6f/ey is ats ft
, + + 0

- uniqueness
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example : Find solution interval Friday, February
- 33y' t In (t} y

: 2
, y ( ) = 2

- y + m(y
+3 y =

4/
+ - 3 example :9y/ax = 2xy2 , y (1)=1

. Find solution interval .

- the given equation is non-linear so,

using linearity
: dy/dx = f(x,y)

-

P(t) =
MC+)/

+ -3 is its Ut , + >0 , +* 3 = solution exists
= 2xzy2

QEA] :
3H.3isits ft , t ≠ 3 => solution is unique

- f(x,y) is continuous Ex ,y - IR so a solution exists on

=> interval = (0 , 3) v (3 ,¢) II 1) .

-

It (0 , 3) : solution is defined and unique .

-

Now,

of/y = 4xy
using non-linearity :

- offy is continuous Exy fiR so the solution is unique.
-

y) = 4/t - 3 - (M+/t -3)y = f(+,y)

f(+,y) is its #t , + <0
,

+F 3 => solution exists

- 子 +

lzy =

- 1nt{
z- t example : My/dx = x (ny , y() = 1

↓
by is its Ut

,
+so

,
+* 3 => solution is unique

-

non-linear so,

=> interval = (0 ,3) v (3, a) y
' = fexiy) = xiny

- It (0 , 3) :: solution is defined and unique .

- +(x
, y) is its Ex , y

> 0 .

-

(1 , ) +> & (x,y)/ y > 03 so a solution exists
.

- of/by =
*

Y is c VX
, y * 0 so the solution is unique.

example
:1Y/dx =Ey , y12) = 2 (1) .

Find solution interval.

- (1) is non-linear so

dy/ax = f(x,y] example : 93/ax=y , y(0) =

EFY - non-linearso,
-

For continuity, y
'

= f(x ,y) =

y
'/

X -

y , 0
- f(x,y) is itsfy so a sol . exists.

-

However
,

since we take an open interval - Of/by = Yzij is ats Fy >0 ·

x-

y
> 0

-

(0,1) + E(X,y) ly> &Y so the sol
. is unique .

=>
x s

y
- From the initial condition

X : 3 BY =α example: aY/dx = In (1+y2) ; y(d) = 0

SO (1) is discontinuous at (2,2) and we can't guarantee
-

y
' = fexiy) - Incityz)

the existence of a solution .
=> I+y > 0 = y2 > 1

,
holds fy

= f(x ,y) is its Vy so sol . exist

-
2fzy

= lityzz⇒ itz≠o ⇒ y ㎡≠ t
,

holds ty
so sol is unique.
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Wednesday, February11 example : Rexty)+ (x+ay = 0jy() = 1 check for exactness.

-

MCxiy) : ,N Cxiy]= λ+tay

Chapter 2.
6 : exact equationsb integrating factors My

= 1 =

1
=

NX = We have exactness .

- Now , solving :

recall : FX = M = 2xt刈 , Fy = N =
x+3y

-

consider f(x, y) => F(x, y) = JFxdx = x2+

xy + g(y)
-

zf/γx = fx ,

5f/xr = fxx ,

851
axay = fxy

3Fy
:
zyFi

- ofloy = f y ,

1Hzy = tyy ,*+oyox
= fyx

=
× t gcy)

- now , 1st x = g(t) , y
= h(t) = X + 2y => g(y) = S2ydy = y2

⇒ KxiY]-
f ( ( +)) (+))y

⇒ FEX 1 g)
= X

2
+ xytyz = c

=> MH/dt =

G+(2x - ay/dt ++y - ay/dt -

usiny y
(13 = 1 .

= fx . x + fy -

y
'

() に 1 t H 1 = 3

3 = xF+xg
+

y
?

exumple : et faxiy) : Py
'

t e
,

x
(t)= t , yoty = et . Find

at'dt .

- dflat : fx'
x ' tfy '

y
'

example : (xy2+ bxPy)+ (x+y)x2y
= 0

. Findb and solve .

= αxy
(te "

)

. - It t X
"ya) et

- M = xyI+ bxaY ,
N = x+y)XZ = x

3
tx

'

y
= at

'eatt [
5}at t (3t " et} et -

My = {xy + Bx2 = 3x
2 +αxy

= Nx

=

2t( eattet
'

}at + atHeat => b = 23
.

- Now, ,

FX = M =Xyzt3Y , Fy = N =×3
+X

㎡

y
definition : exact equations ⇒ F (xy)=

| /axry=+ x3y + g (y)
- An equation of the form Fy

= x
^

y +×3 + g
'

cy)

M ( x , y) dx + N (x , y} dy
= 0

=
×
”

y 〆入
3

is exact ifJ a function F(x, y) such that =⇒ g
' (y)

= 0 => g <y)
= 0

FX = M => F(x, y) : 2 x
=y +x

3
y

Fy = N
⇒

C - yax^

yz + x
3 yD

-

we should also satisfy

FXy = Fyx
= My

=NX topic :

integrating facter

- To solve , we find F(x,y) and set it equal toe. - we use it to switch a non-exact ODE into an exact one .

-

Reculli

MCxiY) axt u (xiy) dy = 0 )

example: (2x+3y)+ (x-2y)y = 0
.

check for exactness. -

Multipying (1) by Mix,y)

-

MEXiY) = axt3
y MM dX + MN dy = 0 )

N (X, y] = x- ay
-

Equation sal is exact it

- WiS : My = Nx MM)
,

“ µNM
,

Iaa)

-

My : 3
,
Nx =1 - Using the product rule on (a) :

My # Ny so the equation is not exact. MyM + MMy :

MxN + MNx (3)

MMY - NMXT MY( - N ×) M
= 0 ㉗

- If a function M is found and satisfies

(4) , then (2) will be exact
~

Assuming M is a function of X only ,
the CH) becomes

0 -

NMx + (My
- Nx)M = 0

=>µ
x

= 删 - Nx /N)µ

dMldx =M
( 10 x /N)M

dy/ax - (My-

NX/N)m =0

=
dµ /dx - P(x)/ μ =Q< x)s
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example
: Bxy + yz} + { x=+ xy}y = 0 ; y[1) = 可 (3 Monday , February 14

⇒M ( X1 Y ]:
3 Xytyz ⇒ My

= 3λ+ {y

N(x, y)
= X*xy

=) Nx = 2x + y Chapter 3 : and order diff
. egs

=> My *NX so the equation is not exact- chapter 3
.1 :

homogeneous diff . egs with constant coefts.

⇒
µ

l = M'NX/N)µ
=

3×+a列 ( -(2xty/xrtxy )
μ =やt2

txy
) µ -ist order diff eq

: 94/dx = F(x ,Y)

Yax : XTYxxty )|
m

=xy
- and order diff eg : MY/ax = F(x1Y ,y

=>
du/ u =

ax/x nth order diff eg : anY/ax" =

F(x, y , y, ...,y")
⇒ 11 µ) = 1n ×1

M = x definition : general forms of an order linear diff egs.

-

NoN, using M
: aacxly

"

t a . (x3 y
'
t ao (xly = fax)

× ( 3xY + yz) × × [X25 xy)y
'

=
0 ⇒ y

" t gt沫y = x)
"

=⇒3xy+ xy= } + [
x

3 +xzy] y = 01) =
y

+ p(x)y + Q(x)y
= R(x) )

↓
-

FX = MEX,Y } =3txy
2

dx ⇒ My
= 3xt axy znd order linear diff eg. in standard form

Fy = N [X 1 Y] =
B + xzy dy =3

Nx = Bx2 + Ixy
- My= Nx =⇒(3} is exict

-

Now , Wednesday, February 18

FCX 1 Y]
= JFx dx

= { 3X
2

+ sy
㎡

ax recall :

= ×
3

y
+ Ya x

&

y
㎡

+ hay}
- ary/dx + p(x)ay/ax + Q(x)y

= R(x)()

ー

Fy ( X 1 Y)
: x

3
t xeytn '

cy) is a G2 order linear diff. ef in standard form.

-

Fy e5N
Cx, y}

X
3

+ xryth× 'とφ ) =3 √×y一

=3 n " (y) = 0 =⇒ n (y] = 0 definition : homogeneous and soefficient characterization

- Now -

If R(X) = 0 in () ,
then () is called homogeneous .

FCx, y} = x
3

y
+ YxxzyZ + o

-

If P(X) and Q(X) are constants
,

then we call (2) a

= c =

xy + 12xy2 constant coeff. ODE . Otherwise
,

it is a variable creff . ODE
-

Finally

y[) = す

⇒ 6 = ( 1)(3) + "* [×)(4] example : By" - Sy' + by
= 0

= す + す = 4 =3 y
"

-

b/3y
" + ay = 0

⑪
=) H

= x3

y
+ Y师 x

㎡

y
㎡

由 homogeneous and constant coeff.

example: ay"
-

xy
= 3x- 3

=⇒
y

"
- 413 y

= 312 × - 512
민

nomogeneous and variable creff.

example :

6x*y"+ 4x y+ y
= 0

=⇒
y

" +
3

xy ' + Y‰x
=

y
= 0

H

homogeneous and variable coeff
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topic : solving linear homo
, and orderOpE's with constant coeff. Chapter 32 : solutions of linear homo . ODE . the Wronskian .

-

het y (t) = ert ⇒ yYt) = rert ⇒
y

"

Ct) : reert thm : existence and uniqueness tem to ar order linear diff
-

ey.

- consider IVP :

y
"
t PC5Dy' tQEaly :R); ylto}= yoly 'cto) = yo

example : y" +3y'+ 2y= 0 ; y(0) = 1 , y'()
-

if PCt) ,
QCH) and RC) are cts. and bounded on an open interval

-

Let y(t) = ert I containing to
,

5: sol . Yet) of this eg. defined on I

-

substituting ,

y
"

+ 3y
"

+ zy
: O

= ret + 3(wert) + 2(er
+) = 0 Friday ,

February20
ert [ rat 3r t 3} = 0

=> ert = 0 or (r2+ 3r + 2) = 0 recall :

>( r +α]( r +1) =

0 -

we are interested in solving and order ODE that is

⇒ r = 一3
」

「三
- 、 11 linear

'

rit=⇒
yK+3 = C

,
ernt + cae a . homogeneous

t
=

C.
et + cae Clinearly independent) 3. with constantseff .

⇒y '(t } = - 29,
e5

- czet -

Let's consider :

-

Finding Ci , y
"

t Bit) y
'
t Octly

= 0

- y(r) = 0, e8 + ce"

1 =

C ,
t 6a ⇒ E =

に - E1 idea :

-

Y'[o } =- 3

c
,

- cno -

we seek two solutions y ,
and y2 that are linearly

= ーと-E 1 independent and no sol . can be expressed in terms of

- solvingby elimination sols - This set is referred to as the fundamental set of solutions.

= C . + (五
-

then , the general sol. is a linear combination of the two sols:

↓ にーすぐ、い臼 Y = CGY , TCzY 2

了 : -

E
.

:34 = - 3

=> εa
=

4

=> y() = 4et3 est B example: (3+y"+ +y
+ (++ 3)y = et ; yx)

= 2
, y(l: 1

Find the largest interval I where a solution is valid

example : y" + Ly -

3y = 0 ; y (c) = 3 , yl) = 7
⇒ y

"
+前( ) +的り=皆

-

Using y(t) = ert 剙
"

π(+) 함 (+)

y" + 2y) - 3y
= 0

- For continuiry f* 3t ≠ o =) +(+ -3) =

0

⇒r 2
*hr- 3 = o => +f0

,
+F3

r( . 1}(r + 3} = 0
-

using initial conditions

=⇒ γ= 1 ,
「= - 3 ⇒ 그 = (0

, 3) ㅇ
고

ㅇ

:⇒
y (t) = C

,
et t 6aft ㅇ ㅣ 2 3

y'Ct ) =ciet -
c

t

-

using initial conditions

ㅇ

yso)
: cie

-

c“ definition : Wronskian

S =
a ,

- l
.

=> c, = 3+ (2
- airen two functions f() and gct) , the Wronskian is

' い

Y
'

( ) = cie
-3cze defined as

一3
子 =

Cie - 3 (ge w(f(t)
, g(t))

=

f(t) g(t)
= f(+)g(() - g(t)t'()

-

solving
f ' ct) g

'
(t)

子 : 5Cz)e } Ʃgt” - If W(f(t) , g(+7) = 0 , men f(t) and g(t) are

F = set cae - 3Caだ
3

-⇒ t = Set Ca (e- 3 だ
”) linearly dependent. Otherwise

, they are linearly independent.

=⇒Ca
=a-ge / e-39 }⇒ G に5+(7 -e

”)

= y(H) = 3+ (7-

34/e - 33) et = (7
-

34-32)et
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example : check if the following are linearly independent . thm : Abel's theorem

-

y ,
and

ye are LI solutions to

a f(t) = et
, get)

= et Y
"
t pltsy '

t Qcts y
: o

- f 'et )

-et ,
g
'cty : -

e
on an open interval (1) .

Then,
-

W(t'(t)
, y(H) = et -et - et . et W(y, yz)(+) = Ce

- SP(at

-

eo
-

e a
-

1 - 1 for some constantC depends on y, and ye but

= α F O independent on t or I.

=> etzet are LI .

(b) f(t) = Sin(H)
, g(t)

= cos(t) Monday, February 23

- f ' ct) : - cosct) igとt} = sinCt)

- W(f(H
, g(H) = SirC+) + cos(+) = 1 + 0 example: Find why, ya) without solving

= sinct) b costs are LI
. try

"

- t( t+aly' + (++aly = 0

⇒y " -)y ' t (将) y
=

0

() f (t)= ttl , g
(t) = 4t+ 4 y ” ー(+%) y

'
+ ( +

2A) y
= 0

g(t) = 4 f(t) = f(t)Yg(t) are LD
,

:) PC+) = - 」( + 21A)

=) W ( Y ' " y2 )(t ) = Ce ' Spetlat - CeSit't at

++ aInt
:

C e : Get ,

eint
remark :

= cet +2 + 0

-

suppose that y ,(t) and yelt) are gots , of y"+ PCty' + @stly
:0

.

=
y ,

3 ye are LI·

Then , if

W(y ,(t), yz(t)) = 8

then ye(t) and yest) are 21 and form a fundamental example :

Hy, 3 y2 are two solns · Of ty" + Gy+ fety = 0

set of solutions. and way , yz)(1) = 2
. Find w(y ,y2) = 3.

⇒
y

" t () y 't et(y) = 0

-
aint

example : showmut y,) = +"2, yact =+"form a - W (y) )ya) (+) = ce- at
= ce

fundamental set of sols
,

to 2+ 2y" +3ty' - y = = Ge
"=

a

. - "2 ≠ 0

-

wly , , y2) ( 1) = C . "Yp

① ni() : "2EP
, yi(t) : -473 α

= 0

= 2 +2)- (473) + 3 + ((kEM) - +2 =
0

= w(y, yz)(+) = 2/2
ーリト ”

」引げににげたた 0 = W(y , yz) (s) = %g

0 =

0
V

② y 2LtH =t
㎡

, y
"

z
[t) = 2 +

3

a+ 2(a+ 3) + 3+)-+2) - t
" =

0 -ample : if w(f , g) : zelt
, where f(t) : et

.
Find g(t) .

4ザー3ドー 0

0 =

0
-

Recal , w( 5 ,g)ct ) = 杀 . 別:||
- Now, 3eht =

e
&+

g
'

(t) - net , g [t}

WEY , CH IYI(D) = tーポーが 12t% 3 e2t = g'(t) - 2g(t) < 1st order linear diff . eq

=

- f啊- Yzf亿 :⇒
y

= eSpet) at
a e

5 - 2 dt

=- 3/27
32

70
+

= e

=
y ,

4) by2C) are LI are form a fundamental set of solns. =⇒ e
る

tgとt) . 2 (e
∂^) g (t) : 3

{ e
'at

,

.g(+1 }
) =

e
*

g

(a)= S 3 adp

e
-at

.

git} = 3ttc

=>g(t) = 3t - e2+
+ ce2t
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example : solve and find a general solution by Abel's thoorom
.

Friday, February 27

y
"

t ay
'
t y

- o

=> r2 + 2r + 1 = 0 =) (r+ 1)2 = 0 recall :

complex roots

=☆ γ
iz

= - 이
-

ra 1 t im
i3

y ,
: Eiet => y() =

e
++ [x , co(+)+ (Sin (M+)]

-

w(y,, 42)= cefant = cet
⇒c 代^^= 筋品 に 1感 1 example :

y
" + ty = v iy ( 合 } = 0 , y {号了 : 1

라
ce = Ciety 'ztCie

-

tyz =⇒ γγ+ 4 = 0 perfect (uniform) oscillation
기

⇒eat:e
' ty's t ityz ⇒γ =± 31⇒ 1 = 0 . µ= 1

et = 岁 + Yz => y() = xf(x, (us(2+) + csin(2+1]

⇒
µ= eSplty at

- et yCty
:

c . coscathtcasin(at

= et yi + etyz
= 1 y'(t) =

- 2a ,
sin (2+) + G((s(2+)

ecy) '
- tre

-

Using initial conditions :

一七
=⇒

y(t) = te
' t

t ce Y(금) =

a,
Evs [화] r casin [름>

= yz
= + ezt

(4 ,

0 = 高 い +景 C α
≠ Eut Bca =ω

⇒
y(t

)

=ε .èt +catet ☆ y
'

(등) = 29. sin [물)+ 2 ( 2 vs [름]

ㅣ =
- 写弘

,
t 6B ⇒ 3 c 一写 くa

= 一将

-

solving by elimination :

chapter 3 .
3 : complex roots =

-홉 =⇒
ca = 安

☆
y(+ )= 县cos3+3 + 出n (*) ☆

- consider y" + y= 0 .
Find a general solution ,

- r+ 1 = 0 = r = If

= = i example : y" + Gy + 101y = 0 ; y(0)= 1 , y() = 0

-

first : find a func .
Such as y ,

= sinct) yz
= 20s(+) => rJ + ar + 101 = 또

_-

second: find the wronskian => v = - 2 = y = - 1 = / - 108

-

Wlynyz): |
sin☆() nr)=

-

sint- cost
α

decay oscillation

= 이 F O “ 1 日 )ω i ⇒ = 1
, µ

= 10

=>
y ,, y2 are LI => y(t) = e

+ [c , cos(10+) + cySin (0H)]

=3 yG) = C ,
sim{+) + [a (o] C+) y'st } =

E
' tcos [yutht Ey sin (7ot3] - it{ Toc ,

isim[7o5 ) 1 N
6a

CoS (TO+}]

⇒y ( o ]= E -℃ c ,cos[ 0 }+ CzSin[o}
o

= "

Wednesday,February 23 y'(0 )
= -

E

- ℃ a,cos( o }ltozsin
/

J - e
'
t [ 2 O ' s[a}sin - IWazCOs [ E]]

0 = 0,- -18C 2 => 12 = -To

-

consider ay" + by + cy
= 0 ⇒y (t}= E '

t

{ co」 [ 1 o 53 +応 sin (7ot3} 田

=>nv2 + br + c
= 0

- } I D㎡-
=⇒ γ =

za

-

if D2- 49s <8 then , example : y"-y' + 01 . 25y = 0
. Find LIM y

㎡
上器品 +

i
.響

5. = ad => r2- r + 2025 =

0
-growthoscillation

.

a =⇒
γ = 1± - = 高 ± 9 i ⇒ = 高

, µ= 9
_

Let 1 = 一 and H:E =⇒ yct ) :
e { c , cos ( 9+) +<zsin (9x)}

⇒r . = tt µ i , ra = 1 -μ i
- limyo-

∞ ⑤

3
y ,

= etteift
1 ya

= [
-i+

-

y
= eftemti - yz = etteMit

y
- ei = cosotisino

뇌
= elt [(0s (MH) + isin(y+1) ; yz

= et+ [cus(+)+ i .sin)-

y+1]

=3
y , tyz

: すttt cos (Mt) =⇒ y
* 当 ( y, tyz] = ett cos (ut)

Yi -yz =ai
-e

' tsincutl- ⇒yat = 交{ y - ya ) =ettginiut)

- W (y ,
*

, yz
*) =µeaH ≠ o

=> y ,
*

&ya*
are LI

.

=> y(t) = c
,
e
*

tcos(M+) + ce
*

sincMt
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Chapter 3.9 : Repeated roots ; Reduction of order example : y" - 2y + y
= 0 ; y() = 2 , y'()=

=> r2- 2r + v = 0

example : y" + 4y + 4y = 0 [- 1㎡
=

0 =⇒ γ
、
=√a

= 1

⇒ 82 + 40 + 4 = 0
⇒yct}a C , ett aatet

⇒ r + く) ㎡: 0 ⇒ γ = - 2 ( repeated3 y
'

ct} - Eiet aize cattt )
子⇒

りに t
-

y <δ) = c .
= a

'

- Jp(t) at

-ce
み

- Now , W(y , ya) = ce x
-

y'℃ )
= ε

. tca = 1 ⇒ca
= -

ciezt

W(y ,,ya)
=

-2c ,
e2t헤지 =>

y(t) = 2et - + et

\
“

Cどよ yt す Ety_

-

Equating (1) and (2) :

しE 'い t」い summary : for ay" + byicy = 0

GET=
C , ya

'
3 sYs 1. r, f ve = y(t) = c ,

eh+
+ cert

=」 むるt
=

ya
'
t 3yz

a
. rFrat iR⇒ yot}= C

,ett cate
't

Spcdt at
-

Now
, y

= e e 33 v = x + im = D = y(t) = e
+t

[C, sin(MH) + ((s(+)]

=⇒ に atya}
"

=> yz
= +eat

-

Then , y(t) =
c ,

ea+
+ c +eat example : at2y" + sty

-

y
= 0 ,0

given y
= E- Find a second 2 . I solution .

=> y"+y-latz)y = 0 - variable crefficient and order ODE

Monday , March a - LI ⇒ WCY , " Ya}
= Ce

'SpCtlat
= ce

' 号Sfat
- : m (+3 ins[3

こ
ce = ƩL

recall : = c+
- 3/2

O

-

y
" t hey ' t4

y : "
-

WCY, lYa )

=yiya -yayi : ty で

-y
_←)

-

y(t) =

c, e2t + c +eat f
- 312

= tyzt t㎡ y 2

一

(+ 0⇒ r =-2 tz
=⇒

y ,
( t) = e

- aメ
-

µ=
esp飛、

iHat
-

let yaCt) = v(+)eat )t 2= t [y 2 )'
=⇒ yal = VEt) eatt ret}C -a)e '

3t 靠13
+c = tyz

C
=

r 'itlea - 2 Vit) を
-3

⇒ ya(t) = 量t2 + E ㅰ

Ya
" =V(t

}ea
α e

't

)- ( av'st)e - 4vit }e}
=

r
"

Ctle
' at

- aEaIt). av' ity e
' att 4 V

'
It} eat

- sub into (1) Wednesday , Marsh 4

V
"

(t} e'- すe-IV(+)み V ' (t) e双 t Chapter 3 .5 :

Non-homogeneous diff egs ; method of undetermined coefficients

一t

4eit-eit+He = 0

= v"(t)y
- 2t

= g -

we solved and order homog . linear diff . eys with const
.

creffs .

=⇒ v
"

(t) = 0 =⇒ V
'

(t} = c
,=⇒ √(t ) = Ct + しy

: . ?
?

-

Now ,
we need to solve non . Homog .

linear DES such as :

⇒
y a[t} = V [t} を

'

y
"
t petly

' t qutly :

g (t) )

= $ t + ez>Et 1. Find solution for the homog. eq using previous methods and call the

=

2 , teat+ cert solutio yu . -
assume a solution in the form of gett In

- Since y , (t) = ect + ya) = O ,teet we dont repetition a . Find particular solution Y for (1) by method of undefermed coefficients ·

=>yaHt) = c,t e
*t

3. The general solution yct = yn + Y

-

let hn 의

=⇒ yz (+] = +e
-α7

= y() = c ,
e

2+
+ c + ek+

1
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example : y"-3y' - 4y = zeat Friday ,
March 6

1 . Find yu

= r2-gr - 4 = 0 => (v - 4)(r + 1) =
r

,

= 4 , 02 = -1 example : y"-3y'= 3+
2

+ 2

=
)yn = Ce

4+
+ cmèt = r2 - zr = 0 = v(r - 3) : g

2. Find Y =) ひに O
,
「
は

: 当

-

Assume a solution in the form seat =⇒
yeCt}

= C ,
+ CaE

3+

⇒y = AEat⇒ y 1= 2He
35
⇒ y " = みAert -

Let } = £(A+ItB5+ C) : At
3 +Btat Ct

- yl - 3y) - 4y) = 3e2t =⇒ y= 3AtIt QBt t ℃ =3 y
" = 6 A ++ QB

4eh +
- gAe2t-4xe2t _t ⇒ 6 A+( + B] - 3{3 AT2 tJBA + o} = 32 t 2

⇒ 1A = 한 HI-t 6 AL-6B) 5[30) = 3+
2

+ a

=3 y = * 오라 <⇒ - GA : 3 ⇒ A=

⇒
yC5

) = 6
,e
「 +czを t 計外 由

⇒6 ( )-6

B = 0 = 3 - =す ⇒ B = -河

⇒すぐ)すんにす ⇒ 一合
-3 = c =⇒ c =

-819

=⇒ Y =
- 1+-' 13+

2 - 819 +

examp le:

y
"

- 3y - Hy = nēd =⇒ yCty = ( , tCze3 3- Y52
. 819t 匁

-

yn
= c, e4+

+ ce
t

- Y=Aet=⇒ y
' =

-Ae '
t⇒ y

"
: Ai '

t

*
- Ae -

tt
3 Ae'

t
- 4 Ae

'
t

= me summary : polynomials
ㅇ = 2 X

- if g(t) is a polynomial of degree n ,

-

Doesn't work since y = A etcyn g(t) : anth +... + a , 9t + do

-

so let y = Aft
'

t ⇒ y '=
Ae

- Atet ⇒ y:
- Aet

-AetfAte'
t

then , the particular solution for ay" + by t cy = g(t) ,
a +0

= Ate-
さ

zAe'
t

depends on b and c.

⇒AZeIαAet- 3 AeAte't-
み

Ate't
=

me'
t

At-3 A+ 一=2 case YC+)

S☆ = 3 ⇒ A
= 름 C = O y (+) : Pn (+) = Ant” +

. + A
、t + Ao

⇒ Y = tet C = 01b ≠ o Y (+}= t . Pnca)

=⇒ Y (5) : C
,

94++ ca &
“

+ 号計
で

田 ε= b =δ t =t は-Pn (t)

summary: exponentials example : y"- 3y' 4y = sinc)

- if g(t) = aedt
. Ten , the form of the particular solution (y) depends on

- r2- 3r - 4 = 0 =S (r-4)(r+) =

0

~, and a croots of characteristic eg. ) -

=⇒

yclt}= Eie attCni '
t

case form of particular solution y
-

let Y = Asin(+1+ B cos(+)

r, f ra t X Y = AeCt Y - ACOSC+) - Bsin(t) , y
"

。 - AsinC+r B ( os(+ )

v= = < or Ve =< Y = Atect => -

AsinG) - Bros(t) -3 Acus() +3BsinG) - 4Asin(H)-4BcosCH) = sinct)

riara = α y = Atzext sin (+)[- A + 3B- 4+ cosc +){ -B- 3A - 43} = sinc+>

=> (SA + 3B = 1) S

=3 ← [3A - B = 0)3

example : y"- 3y' - 4y = 372+ 2 ~ 34 A = 3 3子
= -

% 4
, B = 134

내 ート
-

yu
: cie taze

ュ
} y

=

一 sin(}- しcOs G)

-Lef Y =ATBttE⇒ y 1 = 3 At + B - 3y " = 3A = y() =
c, e4+

+ (e
+-using) - 3uct) *

⇒ 3A - 6 AFB -4 A5 ~- 45 - 年=+1

~HA+3ー B - [ 4 A+ 3 BtHC )
=

+3

) 7 =

-β/4 summary
:

Trigonometric
-

. (
-3)서 )+HB = 03 B = 옷 1. if g(t)

= <COSCH or g() = 2 sinct) , then

一4引 ー4 に 2 ⇒ C③21= Y (+) = Asin(t) + B(os(t)

=> Y =
-4+

2
×음 + +

S을 2 .ity(t } -AginC+BCOS( t}i tmen

=⇒
y(t ) =cie4ttoze2 t_ + + 田 Y(t) = AsinG) + BCOSC)
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example: y"+ y = cinct) example : y"-by'- 4y = + e

⇒ rat 1 = 0 ⇒ r =☆= 北 ーンにみいの =いのたーい

⇒
」に 0 . =

1 -

yc (t) = c, e4+
+ cet

ろy
、ct)= eft{ e , cos (+) t hasim(+)

「

a㎡
α = 1 ⇒ V ( At+B)te 'f

- E
+

( A+ 2
+ Bt)

=

[, <σS (t) +casin(} ⇒y 1 =
-
だ (A + 2 +) + E

+

{BAf + B)

-

let Y = AtsinC+)+ B+ c0s()
=

E
(

2A ++ B - A +a - Bt)=℃ [-At+ ( 3A-B)++ BJ

= y = [AsinCH) + A+ cos(+)]+ [Bcost - Btsin(+)] ⇒ ゾニ-
{

-At+「
+++BJ+ 代 + {

-
す ++ 3 A- BJ

-

+ (ACOS(+) - BsinC+)] + (Asin(+)+ B(os(+)]
= ℃

'
[ Afa + ( A+)+ + ( 2 B- 2 A)]

=> Y" = A(OSH)- Bsin(t) ++ [ -AsinCt) - Bcos(+)] +
-

substituting

Asin(t) - B(os(+)
- *(A+ z +(4A+B)+ + (2B-2A) + 3A+

2
- 6A+ - 3B+ - 3B - 4A+

2
- 4B3t) = +Et

=

+ [ Asin(t) - BcosC] + (A - B)sinc+) + (A-B) (rs(+) ⇒ A= 一応
、

B =

-高

=>
+[#in(+)-By(t)) + (A-B) sin(+) + (A + B(s(t) S 4 = 十sα39 -

*

+ EAsinLNBLos:sincty ⇒
y(t) : 1 ie4

t 5Cni +(応 5 -it]e
”

田

⇒ A 写 : 1 ⇒ 球 A: ⇒ 子 =" 2 =⇒ B = - "2

A + tB - 0⇒ A - -B

= 3 ×=」 ims+}( 10sCH)] summary
:

=>

y(H) = c , (0S(t) + (2sin(+) + E+ [sinC+) - cox+1] AD

7 . get) = Pn (t) = Ant
'
t
. … + AttAo

- r ,, rz = x = Y() = Pn()yt

summary
: trigonometric

-

r
, r

0
= α -

3y (t)= Pnith. teのt

- if g(t)= asin (9t) + bos (at)
, then the

-

w = ra = d = y() = Pn() - +2edt

particular solution depends on v
, 9 ve

.

case Y (+) 2. g() = eC+
[a(os((+)+ b sin(B+)]

VifraE di Y(H) = Asin(H + Bros(t)
-

r,, ra * d+ iB =3 y(+) = e4+

[Acs(Bt) +Bsin [BH]

ri , ra
= = di Y(H)= + (Asin(a+)+ Bcs(+)] -

r,, r2 = a + j3 = Y() = + ec+

[A(x(pt) + Bsin (,B+)]

3. g(t)
= Pn(t)eC+ (acos(B+)+ bsin (B+)]

example : y"-by-4y : yet -

r
, irafa + iB = ext [Pp() (os(B+) + Pn(t) sin(B+)]

-

r
2

- 3r - 4 = 0 =3(r- 4)(r+ 1) =0
-

V
, rz = a + iB

= tedt (Pn(t) (03(B3t) +Pn(t) sin(B+1]

⇒
√. = 4 ,

「y
㎡
のい

=}
yc (t} = C, E

4「
t Cait 4 . g(t) =

g , ()+... + gn(t)
-

g(t) = + et ⇒ y (t} = Y , (t) t
. …

+ Yn (+)

=⇒ y に [ A++ B) {e+) ⇒ y :AettAtB} et . (A++ BtA)et

= y" = 2Aet + (+ +B)et
β each frequency (2t3t)

gets a sin , los pair= et(A++ B+ 2A) example : y"
-

Sy'+ 6y = e
+

cos(2+) + ez+(3++ 4)sin(t)

-

substituting ,
- r2 3r + 6 = 0 => (r-3)(r - 2)

et (A+ +B + 2A) - 3Aet - 3et (At+B) - 4e
+(A++ B) = + et ⇒r

= す ,
√す

= 3 ⇒ ye (t} = Cie++ Eaを
弱

et (At + B + 2A - 3A - 3At - 3B - 4At - 4B) = + et -

g .
ct) = etcos (at) ⇒ α= 1

, B = 2

=> +(A - 3A - 4A) = t => y, () = e
+ [A(0S(2+)+ Bsin(a+)]

⇒ - 6 A - 1 =⇒ A =
- "6

-

ga(t)= e2
+

(3++4)sin (t)

=) ( B + BA-3A - 3B - 4B) = O = xy(t) = ea+
[(At+B) cos() + ((t+ D)sin(+)]

- A B= 0 ⇒問 = - A =6 => Y (H) = et [Acos(7)+ Bsin(at)]+ e*+

[CCt+ P(cos(+)+ (Et+ F)sin()]
=⇒ y に(3o )et"ot =⇒

y (t) =

yest1 t y (t) 田

=⇒yx} : ε ,
e4

+ +czè *+{6- Y0+ )et ☆
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Monday , Marsh 16 example : y" - 7y1 + By = ge4X

- homogeneous :

yH
= c , e

**
+ ce4Y

example : y" - 2y+
y

= 1 j y(0) = 2
, y(d) = 7 (l) -

parficular : α = 4 ar ⇒ yp : Axを
4x

-

Homogeneds : y"
- by +

y
= 0

=>

yp = Ae
**

+hAxex = yp = 4Ae4x + 4A e4X + 16Axe4X

= 8月 t
4 + 16 Axex

ュ⇒ γ 2
. 2r + 1 =

0 ⇒ 1 ㎡: 6 ⇒ い a= 1 - substituting ,

=
yn = C

,
et + ct et ) 8 A + I 6AX - FCA + HAX) t RAx = S

- Particular solution : yp
= Atz + Bt+ C 33 ZATHAX+IQA=s

⇒yp= QAttB=⇒
y

"

p = 3 A
A = S

-

substitutiny ,
=⇒

yp
: SxeHx

3 A α ( 3 AttB )tAt 't Bt+ C - 1 - general
:

y(t) = c, e2x+ cye4X + Sxe*X
*

At2 + - 4AItt -す B+C}= 1

=⇒ 3 A - B+ C = 1

x
⇒B - 4 A = 0 ⇒ B : 4A example : y" -3y' + 2y = e(X2+ 2x- 1)

⇒子
=℃ = β ⇒ C = 1

-

homogeneous : y"- 3y' + 2y = 0

3yp =
[ = 1 ⇒γ 2 . 3 γ+ 2 = 0 ⇒ ( 3)(r- ) = 0 ⇒ γ= 1 , 2

_

General solution : yct) = C ,
ett Eatet + 1 < 4) =

yH = Ge* + C)
X

ylol :cit - particular : α= 3 ≠ r - ⇒yp =
3×

[AX2+ BX +C)

= a
、 t

1 =⇒ a
,

= 1 =⇒yp =
C3X (AXI+ Bxt C}+ E

3x ( αAx+ B)

y'stl :ciettezettcate y "
p :e (AxZ +Bx + C ) +

e3×( GAx+ B )
+ε

3×CLAx+B } +
ex

(αA)

y'o - cit ea
~

substituting ,

子 : 1くす ⇒(
= 6 9 AXI+ 9 BXT +3 AXTB +6 Axt 3 B + QA-

⇒ y [+) = et + otet+ 1 A る( 3Ax2 + 3Bx + 3C + 3AX + B) +

2 (AX2+ BXC]= × 2
+

2 x- 1

A+αAX 2+ZAXT BX - 6AX-+ QBX +

example : y" + y
= 1 ; y() = 2 , %10) = 7 JA+ HB + 3E- 3 B - act9 : ×

2
+ 2* 1

-

nomogenious : y" + y
: 0 ZAXI + 2A -B 2 )X + ( 3A + B + 3 C) = ×

2
+αx

- 1

こ⇒ γ
3

+ ( = 0 ⇒ γ=±次 : ± 0 =⇒ 3 A - 1 ⇒ A = "2

⇒ = O 1
H =

1 =⇒ 3 - 2 B = ⇒ B = "2

=>
yc

: e [c, cos(t) + casin (+)] ⇒ 1 × 12+ 3 ( = 1 - 3- 3/2

=

c, cos(t) + Casin(t) =3
yp

= e
3× (家 2 +当 x

- 312)

-

particular : let yp = c=1
~

general : y (x) = c ex+ cee" + e3x(Ex+ Ex-E) D

- general :

y (+) = c , cos (+) + Casin(+) + 1

-

y ( o) - citi a 3 a⇒ a
.

a 1

-

y
'

st) = - cisinCa) + C2 Cos (C+

Y
'

Eo) =
Ea = 7

⇒YCt}= COS( +)t F gin(+)t 1 由

example : y" - zy' + 12y
= pe2x

-

homogeneous : y"- zy' + By
= 0

= r
=

- -V + R = 0 = (r -3)(v- 4) = 0 = v = 3
, 4

>
yH

= C , e
③* cat

4x

-

particular : のこる ≠ r ⇒ yp
: A ex

:3
y

'

p
: すAeax ⇒ y

"

p
= 4 Ae

2x

-

substituting ,

4Ae
2×

- 14 He
2"

t 12 AE
2x

= 4e
2x

3A= 4 -⇒ A = 2

=⇒

yp
= 2 e

2x

- general
:

y(x)= c ,
e3+ ce

**
+ 2**
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Friday ,
March 20 example :

y
'

+ 4y" = 0

=> r4 + 4r2 = 0 = r
2 (r2+ 4) = 0

chapter 4 : higher order diff . equations r1,
, 2

= 0, Vaiy
= Fhi

$4
. 7 : general theay of niw order linear diff - egs -

=⇒
y ct) : c , tcat t czCos (at)tCusin (at) 匁

-

the general nt order linear diff . ea takes the form .

y()+ 4n- , (+)ym
-"

+
... + P

, s)y' + 4o(t)y = g(t)(4)
-

it all crefficients (Pn-, (t), . . . , P , Ct)
, Polts) are constants , exumple :

y
's)

-

y = 0

then G) is a constant creff .
nth order DE .

=⇒ r
3

- 1 に 0 =( - )( retra 1) = 0

-

if at least one of ht creff funcs is a func: of t
, then

⇒r , = 1

(1) is said to be a variable Coeffe ODE
.

-

rrz:- 1*
一当± 量 i

-

if g(t) = 0 ,then Si) is homogeneous .

⇒
y (t) = Ciet +eEcnCos (景 )+ casim (量) ]

Theorem : existence and uniqueness
-

if the coefficient functions
, Polt)

,
P , Ct).. , Pn-1 (t) are example : y '7gy"+ 16y = 0

Its and bounded on a open interval I containing to
,
the

=> v4 + 8r2+ 16 = 0 =3 (rz+4)2= 0

(1) has a unique solution on I. ⇒vi
"2

,
3

,
4 : ± 20 { mut . す)

-

Wronksian :(hxn) matrix =) y(t) =
c , c0s(2+) + Casin(ht) + t ((y(os(2t) + cy sinca+)]

- W (y.,y 2 ):1 川
… yn-wgyay ...yu) =

: example : y 3)+ By" + 3yty= 0ㅣ
giht .. "::

ㅣ
= r3 + 3r2+ 3r + 1 = 0

-

y(t)
=

yH + yp for non-homogeneous cases r2+ 2r +1

r+ 1 v3+ zr2+ 3r + 1

-r2
& 4 .2 : higher order homogeneous diff

. egs · With constant creffitients arx3r

ー 3r2t3r
-

consider anytan-y'" + ... + a
, y+ do y

=0 rty

=> aur"-an-rn" +... + a , r + 90 = 0 => v3+ 3r2 + 3u + 1 = (r+1)(r 2
+ ar + 1)

-

roots : n roots (count multiplicity) = (+1])(r+ 1 = (r+ 133
=> Cr- r ,) (r - ra) ... (r- un) = 0

=>
r,, 2 , 3

=+

- solutions :
n solutions =⇒ y (f) = [ iē++ (atět+ catiet 月

example : y(4) - 4y" = 0 , y ( v ) = 0 ,y<0 ) =
0 ,

y
"(0] :

δ,
y) (0) =0

⇒ γ 4

-482 = 0 ⇒r(㎡= 0

=⇒ r = 0 ( mult ,

= 27
, にさす

⇒
y (t) a E

, e
'tt ate

of
t CzeIt+ cy t

2t

=

Cit Catt (zeItt cye
'rt

=⇒
y

( o) : C . + C2t cu
" 0

-

y'(t ) :Catacze2 t - acye
'2

Y'(o ) にと + 2
「

3 -2 u
= O

-

y
"

(t) :

4 CzeIt + 4 EU Z
メ

Y
" ( O) = 4 C3

+ Hky = 8

-

y3+] : 8 <get-8cye 21

り
'

10) = 8 c3 - 8 cu = 0

⇒ 1603 = 16 ⇒ (B
= 1

*》 8 ( 3
- 8 c 4

= 0 =⇒ C4 - 1
y(t) - 1 +

et
. 学外 田

=⇒
( : はcu

- 2(} : O }
⇒ C にない 又= 1
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Monday , March 23 Wednesday , March as

& 4 .
3 : method of undetermined coefficients 86

.7 : The LaplaceTransform

r2 - 2r+ 1

example : y(s) - by" + 3y' -

y
= 4et -1 2

3- 302+ 30 - / definition :

- homo: y' - by" + 3y' -

y
= 0

v照— rh -

Let f(x) be a function defined for =0
.

Then , the improper integral
=> r

β
- 3r

2
+ 3 r - 1 = ra

~
t}rー .tease-

st
dt = limnyo So

"

fet) est at

(- 1)( r
2

- 3r + 1) = 0 ↓ (-kr2-au) is equivalent to

「- 1)(r -
)

^ =㎥ r 미 FCS) : は 々 +方

=⇒
√

, 2i 3
: 1 -

This implies

:3 ytha Ciett Cntett Catzet 2 [fH3-linGet
-

particular :

yp
= Athet where s is a real number called the parameter of the transform and

⇒
y

'

p
= 3Atzett At

'et - Aet ( 3t'tt3} provided thatthe improper integral converges .

y
"

p
= oAtett 3 At'et t 3 At

'et t At 3et

= bAtet + 6At2 et + AtBet

= Aet (ot + 6f
2

+ t引 example :

f(t) : 1

y
"

p
= Aet (ot t ot' tt3)t Aet ( o+ 13tt 352} ⇒ L {t(+)} = L E7 }:li ∞So e

-zt

dt

= Aet { t3
t at' + 18 tt 6] “

)。 ↑=予照飛。
「

=⇒
y(

33-
By "t By'

- y =Aet(tstat^)180}- 3 A++t

+3x(x+2
+43) - * = 一高 limasa {e

-
as- e ] = [5 別 = 3 冊

=3
4 = 6A =3 7 ÷ 를

=> Yp 2 号 3 at

- general :
y (+) = c,

et + catet + cyt2et + Bet example : f(t) = eat

=> 2 dest 3 =lim geat est dt =limNeta
o

e

example: yHay"ty = Isin(+)-Scr1()
= 流 δ 1x{ et{ u-s ) ] 。 ↑=s(

×
去

-”
,

- homo: y'"+ 2y" ty
= 0

⇒ r
"

t 2rz+ 1 : 0 ⇒1\( r↓1) = 0
= よ5 -1 ∞ピ

-)
] に 前 6 F 0 J

3 ①^+1
]

: 0 ⇒ rat 1 = 0

=γ : 北
= 新

,
5 3 9 回

=⇒
YH

= CICESA7 t Iy SinC+l t CzCosE-EItsusin [-t)

-

cos(- t) = cosCt) { Sin7t) = - sin (+)

=>
y +

= c , coS(t) + c sinG) example: f(t) = t

- particular: up
= t[Asin(+) + Bcos (+)] ⇒ 2 {t} =

aS
,t℃e 't

at
、

yp = Atcost + Asint - Btsint + Blost 공 since* is dominant

= sinct) (子-Bt) σ cos (A) [B + At) ∆ es/sz

y
"

p
: sin (t} ( . λB - At) × ( ω S (A} [2A - Bt)

“

袋C

だ ;で」悲。「('
」”10 -) }

yp =
- sin { t}[ 3A-Bt) + COSCA} CBtAE)

yp=
- tsin(+] + ccsE}[③t-ZA}

= ㎡ D

⇒ 32 ⇒ B = 吾

=⇒ - S = 2A -⇒ A = 一量
=3

yp
= t [ 優 cos (+) - Esinc+>] example: +(t) =+2

-

yeneral : yCt ) =CIEOSET 3 TCSinCt} t t {? cos (+} - isin (+3} 田
⇒ 郷 = α

50 “

感感
”Y

'
s

_

충다"고
같stls3

=limt 紫_起 e

}^_ = 影 ☆
astn
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example : +St) = + " example : +(+) =

9 1
0 ≤ tra

=> LSt3]=INS"t3e もす
」
もュ 2

tn* '
e

-8t
1s

ー 大t+}} = る 0

.

esta ++ 50℃

t

-a)e -stat

해1e-
st/s

2
=

e's
] o a

1
℃ uq ' sItialdu

心
=- s(ピ ” ーり

← だont 'su

ことるにど + だ
s. ㎡

= iim Best 3tresn stetysbyg4 =( -t燃 )
a- X

=

- /s 4 D

Monday,
March 30

summary : first
. derivative : h {f℃1}

ー 生 -27} "
'

- Lseaty= "5-a
,
sa

- 2 そ+ "+1} : S
。

-

stHe
""

at

fey'
i

,

st
_

- L 近} = nYgn+ ,
= é

+
f (+] + Jj +() set at

ン感筋
= [*(*-+] + &So

* fitiet at

=
- f (ε) 5 s在 ifca7了內

second derivative
:2 Ef" (H]

Friday , March 27 - £ { f " [t}} : S
0

'

f
"

cHe
'sta

fs't - sest

thm : linearity of the Laplace transform +(t)grest
⇌

7 .L 冬 のf ] } にのむ} = jStf(G) + sf(t)est]
*

+ 929o
*

f(t)est at

α 、 L { α++ BgcH } にα お } +は gB =
- [f ' (0) + sf(o)] + 5222+()]
=

- f((o) - sf(0) + 522 EfC)} AD

proof:

- L そ α ftItpgit1} =Sof( t )+pg ( + iJe''
t

at third derivative : 2 If " (+3

= 50
a

fctleta ++ 50Bge +)e“ 州 - むqf " (+} = 505 ' Etye '
st

dt

=α 50fct}estd+ + B ∞gatlertut =

- f"(0)- st'(U)-52 f(dt + sGEfH3
= a 25f(+B +B2zyc+3

nth derivative : 2 Sf '"CH}
一 h {f”() } =

…f(
^ "Co )

'

g呼 ”, o )tsfcol + ” 性る

example : Let f() : 4t+ gett
·

Find L(fC)3.
- h {fC+13 : }% ℃

s+ ( Ht + ge
' t) at

= So Let at So gette t at theorem : 左 会 - tff1} : F
'

( s)
=

4 )0
festd ++ Afe -testat where F(s) = 2Efc+3 : J

.

*

fctest at

ュみ {t} t 5 L { e-
t }

proof:
= 4 . -Ys t g .YS+ - F(s) = (j f (t) Estat
= 4 /s +
/s+子风 F'1s ) = 影

{

。

℃it) est d+

= 0
-

t
- fatse

' s '
at

: 左 金 tf(t)} 図

example : 2 Esincati ,
a Ecosct13

- eia =

cos(a) + isin(a)
- h {eiatz = soscat}+iL { sinca+} theorem : shifttheorem (exponentiall
- L { eint } = S 0eait . e '

st
dt = )0eai-stat - ↓ {atte}}= F (5 -a]

Cairs) +
= 前s

= 武s e proof :

-

Tnen ,阔巖q=㎡ -razai -

2Sea++3 = Se* f()
*

at
= S +(+)e-sit at

⇒ 九 { (Os (a57} : 3
,

LEsin Cat] =
a D “ S

.

&
faa )

etcs -a
}at = FCS -a }内

S2+ 92 grtg로
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example : 2 Seating example: 2 It sin (b+)3

-

十 (+) = t
"

= - F '

Y§)

⇒F ( S ]= £ { f (t1} = 左室t} = 前、 - F[S] = EEsincb+) } :2= b (53+ Da5|

3 o { eat fm} = F[5-a]: 図 => F'(s) = - 2bs

s☆ ya]2

⇒& Etsin (bt)}= - FC] = 2bS 図

Friday , April 3 $
2
+ b 2)?

example: EGe*t
sin (bH)]

-

using the shift theorem : example : 22+ (0s (073

= b
=

-F '

[s)

ptbr D - F(5] = h EcosCb) } =啊 ら = b(グ
⇒ Fと5) :

一-
232

= S
2tb2

- 232 = b2
. S

2

(52+b2)2 (S2+32(2 (S2+y2)2

example:: Jetcos(b+) ⇒ 大 {tEos (b +)3 = - E 'Ys ] S"- b2
內

$ 2+ba]고
-

by the shift theorem :

=
S-a 冈

-(] β
-

yγ

theorem : Laplace inverse

-

In general,

example : 2Et3+ St. 23 L " {F[S)} : f(x)

= £呵}t § htる 。 ? 全 つる where F(s) = 2[f(H) 3.
=

る! 5 ~みg
S4

=

품 D example : 21 5545

⇒ 3 .だ色 }

example : 25e2+
(+3

+ St-2)3 : 哥在生码 : 哥 zincz) 內

-

f (t} = t3 t 5t - 2

= )在{*
t☆} + 分生社 E } 一可在t}

“(←。い ☆ example : 2 E

=だ」 だ {呼了
= だえ品双 」 高だ23

example : EE(+
2

+4)e
2- e

+
cos(+)] =

loscht)
+ Esincat) Tx

⇒ 在 *t}+4 hiet.7} - 在在 tcos ε+}}
“

p一內
example : 23

⇒ ”
{ s通) ( 3+ a}

"

了
Bec all :

St

ーを能
+ } : a = FCS)

-

⑤3}(5+a]=+

一 L色t 氏(t)} : FCS)⇒ hItfet)}=~F ' ss) = S+ 1 = A(s+2)+ B(s- 2)
-

Then ,
-

」 = す ⇒ ( = 〜山B 。 B = Y4

む主比 at } = - FYs) = す =⇒ 3 = 山月 =⇒ A = 14
= ー(a):で 3 だ”) 世}=h るth}

= 342 } +り 恒}
= 314 t

2++ "
4e

+

図
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5 6. 2 : Solution of initial value problems example : y"-ay + 2y
: e

+

i y(0)= 0
, y'(r)=

一后到啊一可 h能了 + 可在可=h]

example :
y

"
- 3y

'
- 1Oy = 3 i ylo}= l ,

y '(
o}=α

-

Let LSyc+)3 = Y (s)

1 take laplace of both sides :

常器すSsasg
-ynyc

) =前 01

]+ 2 h ㎥ s 3= 前

⇒ 在新”
-

3 φ- 1 oy 多 = 在贸码

. 1et πg} = Y {s) Y ( s) [ :する +a ]= 新 +1 = 禁

= )在行了一 h 乐了 - 1 儿在 y了: 不 . 克生月 ⇒ y (s] = 3+α = +α

[522[y(s]- SY(0)- Y110)] (S+1(2-2s+2) (St1l()s-172+ 1)
- 32s 25y(s)3 - Y(0)] complete the square
- 18418) : 2 . 2973 - to=

,

A BCS-D+ C

⇒2 Y( s )- s - 3 - 3 ( gy / s) - ) -IOY() = 考 (s+1)(p- 1)i+i] [s1)|

s2 y(s) - 5 - 2 - 35y(5) + 3 - 104(5) = 7 ⇒ S53 = A ( S - DHA t BC 5-D(StD+ CCS+ 1 )

3
. factory(s) ー s = 1 ⇒ 3 = A+ 3 C ⇒ c = 1s

⇒ y [ g) [sZ - 35 - 10 ] :% + 5 - 1 s = - 1 =⇒ 1 に 5 A =3 A = Ys

4 .
Solve forY(s) 5= 0 =⇒ 3 = JA - Bt C ⇒ B =

- YS

=⇒ φ /]= 1 gt51 = 3tg
'
t} = 5ts+ す ⇒ y / 8) : る h {考} t L - 155 + 813

S 2
_}s1 5((2- 35-18) S(5-S)(S+2) { (5+ 22 +

13
5 . Y(5 ) = 2 φ (+1} { ㅣ

= ]
㎡
- 3 + 多 = h到 (+3}

=
'y

'o=
"

settだ ” {慈び
s(c-3)(s+2)

⇒
y(t) : だ

' 7 S- s+ 3

= Ygtt _ 犬(。}+ 号 e 'sinc+>

s-six+
a)]

= s^
-
城*p}+ だ{ -、itn} + 号e

「 sini+>

一

5](5+

)

“ 号+影
= Yge

'
+ -Yg {

t
「cos(+ ) +etsin(+) } +Yetsin(+)

=⇒ 5- sta = [s+a)(55]At 8 (S+2]Bt S (J - 5]C = "get-Ysecos() + get sinc)
ーるす 3 8 =14 ( = C =
- S = S ⇒ すす : 3 gB ⇒ B =b

-

5 : ℃ ⇒ す ^ - IUA ⇒ A =

- Ys Monday , April

⇒

y(t)=-なだ )+だそ了特ね3 Section 6
.3 : Step Functions

=ーリ s+ 砂
を

+et 図

definition : Step function

- The step function is defined as

uc(+) = 0
,

0 -

s t -

Uc(t)x
{ \

1
t aC 2 a,n

ー∴
¿

.

-

If we multiply feti by Uc(+) , then

Ucsty fs+) = ㅇ
1

0 ≤ t ∠ o{ f(t), t = c(c , 8)

-Now , consider

1- uc(t) F ㅜ 0 ≤ tac

Uc(t)x
l oitao

^

fi
" .
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example :

rectangular pulse
^

theorem : shift theorem (step function)

hct) = UMb (t)
一 { Mc( t). fC +-c)}: e '

se
, Fis)

- na A) "

{ o
,

oatha

^

: :
羽 >
a b

1
, ta a

V

ub + { ; ! 品階
” Ua (+) -Unbt( example : 23U. C) (t+ 1)]

= 在急U
, ( )t } + 在 , (f] }

0-0
.
0Et 9

-

we need +
2
- (t- 11

2 = t2 - 2 + + 1

-

UaA -Mb() = (1 - 0
,

a z + -4 =3 在 {u( t)t 2} = 在 {n1 ( +)[ < H-》㎡+αt - 1 ] }

어
1

t ≥ b = 25fct3 = 2 [u, (+)()t- 11
2

+ at - 133 + 224 , (+)}

O
, O ≤ tL 서

= 2[x, (t)(t- 1) 23 + 225U . CH) - t3-

a ≤ t b 2[2,
(+)3 + 252 , (t)ー ( : : t ≥ b = 2GM , G)(+ - 1) 23 + 229u

,
()((t- 1) + 13]

= 大強u 、(+ )(+- . } +す { U」( +)(+ } + 生ひ 、)}

y f()= [starting] + (Cnext] - <previous]) · Uc(t)
=

「 さすや
前

+ す e
S

note :
we can describe functions in terms of a step function

个
-

g)
=

{1 ahthb
=

he
"

- ae taes - 3 t

" (. 「

六 “) 回

g3SZ S

otherwise
'= +H)() , a = t(b = f(+h(2a(t) - ub(t)]

O
, otherwise Friday , April 18

,
OE tr 12

example:Hi= bin)
,
Yasthe - Find 2055

example: β gin (+)Y0(H) + [et- sincT]u
, HH) + [t2- e

+ ]UsH) {
3 KOSA) ,+3r

sinct)
, 0 = t < < f = sincH) [MoH)-u

,
(+)] + ⇒ f(t) -SinCI [ UotUyz(

t)] t { cosst)- 3 sin( a7 ] [ U ^z (+) - Uo (+)] +

e
t [u, (t) - us(t)]+

3cosht) [ Un H)]
- +H = ( e

,

iatan
t2 [Us(+)]

t, t : g = sin(t) + V = (cos(+) - 4 sinc+)] + Un [GCOSC) + Ssinct)]
.

=
」 in (+) [ Uo (+) - U 、 C)] tet {un +)- Us( +)] + ⇒£ {fC)}:P + {Unn[ E 0 S (+) -Lnin] } + なOr {acosC) + ZsinC+)]

t
2 [ ug(+y] = +R+ た { Uz[Cos( f -y +^ ) -4 sin( H- な tなJ +

: sin (+) [ 7 -7 ] te +[ 7 -7 ] + ㎡ =㎡ 2 &Ve (2202(+ - -+) + 3sin(+ - r + m)]3
=> 23f()3 = 2Esinc+) [Mo(t) -Ue(+)] - Psecall <os [x ± y}= [ob[x) <ωS(y) = sin(x) sin(y)

+ et [u
, (t) - ug(+)] + t 2 [ug(t)]} sin[x= sin(x] <oscy) I <os(x]sinly] ^

ㅇ

⇒ 在 {A)}=
号 +R

+h { U^ yz[ sos{ t-] cosCM) -sin (tY2)sin]
-

+ f sin(t- 73 ]C00 + siMhcus {+ - 1z)]} +

Wednesday, April 8 25Um/3(sin(-) + cos(t-e]+
2 [cos(t-mIh - sinTeY sin(+- 11]3

generally
: for a piecewise function

二tた qVon [- sin (+
% )~4 cos(+~ 2)] +

foli)
, 0 It 4t , た { Un { 3sin (+ - n) + すsos (+ - n}]}

- f(t) : f . (t) ,
t , atctrl

fast) , -t

= 1 +e

气{in ]+就引最]gr+㎡

-

FA): FO () IM) - M . Ct)J t
f
,A1 EU

.
(A)- U

2
CH1] +

fa(t)[ue(t)]

= Fo (+) a U. (GI [ f
,(+ )

- fo() ] +U .) Sfa {tl- f. (+1] definition : 2"[F(s)e xy = Uc() +(+ -c

- NOW
,

L {Mi (+1} : fo
"

℃
-'

Tuict )at "
0 'Se

'ncn '' at
.

S

.
'e

'Tuecyax
'

= S
.

e

-
“t

at =

崎 ]
。

example:
: 592%/27

ツ s☆e リ =

増田
- F(5] : 11 g

2

, c
= 3

⇒ だぐ }=U α (+ )( t-) ⑰
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example: HCS): =Yga -
i ' ("

, a +Ys ) te” (4152+ 's) Monday, April 13

⇒ ず "{HC} } =
む

” {}t む ”
”

("s*別 }だ*}} 56
. 4 : Differential Equations with Discontinuous Forcing Functions

= t -

u
, (H)((+- 1) +2] + My(+)[4(+- 4) + 1]

=℃ - M 、(t) (+ . ] % Mult) ( nt - is) 助 example : y" + hy' + 2y
= g(t) ; g() =

[0,0 ; y co

-

ag (t) = ( o
,

oath , . λ U ( C+)

example : H(s) =2+- 1
,

t3 1

= 25y"3 + 225y3 + 2((y) = 225V, C3
1

7 . だ"} = すEOS) = δよ (Y ) -SY "y'Ishcy)- y

+3 L 「 y]=す
h { V 、(+1]

す 、だぐ 翡約 }UzC 州[だ+}] =

((y) (32+ 2s + 2) - 3 + 2 = 2eYπ

= Ue(+) [3(0s3(+- y2) + sin3(+- 4a)] = ((y) = 2e + 3 + 2

St す s + ]
= Ure(t)(-3sin (3+) - 10s13+)]

( 4 Y) =

δ [ (s+1} ^+

1
]

”

+s+ ( P

+ ”

,

⇒
y (t} = 2 e

's
だ{ } a ' {nrtya}s[(S+ 1)2+ 1]

* 女好

,

{ (s+1
}

] = 号+号+》

了2+ 1

⇒ 1 に AE ( StD
'

+ 3 t [ B (st7 t [Js

~

3 = 0 ⇒ にす A ⇒ A : "
%

- 3= -1 - ⇒ に A - C ⇒ ω

= -2

-

s : 1 =⇒ 1 に GAt 3 B ℃ =⇒ B = -
z -

+ = + - 1

⇒ だ
"

待α だ" { es 」
、“了{ 35 2 S32

+
1

=まU
、

<t) ( % … icos( +- 1)
e(+

” -Isin(+ - )
を…灯

=

U
、
()[1 . E

(t" [
cos( +-17 + sim (+ - い ]]

⇒ だ*了 = だ st す{ sthj
'
1} ーだ( } だ{渕通灯

=et (cosCH + sinc+)]

⇒y
( t)- e '

{

cos( t)tsinE +7]+ U .
C
){1 - est"{

Cos(t -1 ) + sim( +- 17 ]] 田

useful : trigonometri identifies

-

<os (x ± y) = [Os (x] (os(y) E sincx] sincy]
-

sin (xay] = simix} cOsly} Icoscx} sincy}
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Wednesday, April is $7
.2 : Review of Matrices

Chapter 7 : Introduction to systems of ODEs - Let Matrix A and B be two square mathies (nxH).

-

addition : A + B =

dij + bij
-

Recall ,
-

scalar mult . 2A =

C-aij

ay
"

tby
'

tcy = get) ; y ( o) : α , y ' (o ) : β[n
-

tramspose : AT = @ ij )
「

- aji

- This and order diff eg . can be transformed creduced) to 2 A()
"

= (aji)
" = aij =

first order diff egs ,

-

multiplication: AB =

9i · bj

- Steps : Let Q X1 =

y } y(o) = α ⇒ ×,(o ) = 8 = Gij

② x , '

-
y = 2 y() = B = X ,() = B or Xz(0) = B

-

We use matrices to represent a system of linear DAS.

- solve (1) for y" = Xc.
'

=⇒ ×z

' " Ya [ g (+) -

by '
-cy ]

=> Any and order diff . eq can be reduced to two first order diff . egs- example : X
, -xz + 3xz = 4

2x ,
t bxy = 0

X2
- ×3

= F

example : Giveny" + gy'-loy = sin(t) ; y(0)= a
, y(0) = 4

Rewrite into a system of 1st order diff egs. 다 : : ll우]-

net X - y
-⇒ X, =

y
'

: xz =⇒ y
"

= xi

" X, = X2

a Xa' = Sinc + 10y- by
, ] system

-

y ( 0}= 3 =3 ×
,

[0) :す

y(o) = 4 => xa(r) = 4 Friday, April 17

example:

-

For higher order equations :
- xi = a(t)X , + b(t)Xa + g , (t)

-

Let xi =

y s xiiy ' : X

- Xa = c(+)X , + d(t)x2 + ga(t)
x,

:

y
} )

Xz
'

=

y
"

: xz
:

:

In = yie
"

s un = ysn
'

= xnti
()”

( 器盟)( 炎)+ (淵 )
T' =AC) . * t g (t )

example : Given (x1 = 3x , - 2x2() X
,
10) = 3

2 =x いす入る (2) ×a(6) = リ2 definition: identify matrix (1)

Transform this system of 1 order DES int a 2 order DE. - This a matrix with 7's on the diagonals s . t

1) solve for X2 in 111

- Xα
:

"
み ( 3xix、 ) I 수혼임은1

R) plugX2 into 12)

一

かる
=

3 x, -
[ 3x, - xi ) and Al = IA = A

X 2

=
x , i - x ,

一

×る = 何 (3 xi- が)

=⇒ }( 3 x; - x 、"

]= xi- x, dstinition : determinant

3x; -
*

,
" =2xi -x 、

- det(A) or IAI

すX
, txi -

,
"

: 0

(3) initial conditions det (i) or Isa
-

λ
,
(0) =3 = ud - co

~

×310) : = 争、 ( 0 )- x ' / 0)]
} に {☆} -か (03 ] ⇒ = 9 - xi [o)

=⇒
x : 103 = ☆

(4) solution : ax,
+ X1' -X ,

"
= 0 ; x , (0) = 3 , X ,6) =0
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definition: inverse example: A = (Em9)
- inverse( A) = A1

when I O

- AA
"

= A
"

A = I
}

- het = (n- +)2 + 36

= x2- 4x + 48

~

1
,n

= 4 IVT0 = 2 + 6i

す
the following statements are all equivalent :

、 = 3+ 6 i : -
然

”tto)) = (桜 :q)
1. A is invertible ー ℃:)( 品に( ℃)⇒ - 6ivi -avao

a.
det(A) + 0 =⇒ - Zir 、

- 3ry = 0 =⇒√ マ
-聖 ri

33 A is non-singular
-

Let vi - i- ⇒ra
:13 ⇒ ☆=()

4. row vectors in A are L. I
.

ーする “ み 60 : (岱 -)
9. col

. Vectors in A are L .I . =>> 6iV, - dra : 0 = air , - ชม :8 = ซีด: (-eye
6. all eigenvalues of A are nonzero.

Monday , April 20

3 7. 3 :

Eigenvalue & eigenrectors

definition : linear independence

definition : eigenvalues & eigenvectors
-

A set of vectors , a , ... ,
Fi are linear independent

-

For an nxnmatrix (A) ,
X : Scalar , : column vector ,

878. if I a set of real of comple numbers < ,2 , ..., < S . t

-If AB = NV
,

then + is called an eigenvalue of A and I CIX, + CzXa + . … + CK *
= 0 .

is the corresponding eigenvector . OR
一

-

Additionally ,
at is also an eigenvector for C= 0. det ( X) ,i* z ( .

,
*

k] = 0

- To find the eigenvaluess) and eigenvectors) of A :

AV - IT = O 3T ( A -1 I )= Odet( A -1I)
m

characteristic example : x ,
= (G)

, xa
= (â)

, x3 = [,))
polynomial of

degree n

~

皆
か競饕
)節品感}品点臨RREF

example : Find the eigenvalues and eigenvectors of A (ii) ⇒ しす( 《=ω* ;=⇒[ にみ3
- すg

こ - すC 3

- det ( 511) : 1出 、: 」 1 =- H = 0 Eす
- 3 E}

: ℃ =⇒ Ca= 3(z

:⇒
は- 3 」1 - 3 = 0 15Cz) :

6 ) = す
, しるこ 3

=) ↑( - 3} (1* 1) = 0
-

However , C , and by depend on C3
=> *1,52 and Es are n . D . B

こ⇒
」)= 3

,
は=
ー 1

-

Verify, Y2 and Eg are L .
D .

de+ (崎約) 1 ぐ ③ - 2 % 3 + 1) +6 - み) ( 6 + 1)
-

λ, = 3 :AAI =( 易所 に 降 る 1 = - 1474ぶ28

-

[ A- 1I )
,

=δ ⇒ [조 *](임) = (위 v ,
: 1 =

q ⇒ x, xz
, ☆

sare LB . ☆

= - avi + va = 0 = va= av = = (a)

ーする= - ∴AI =(ど'n に 限え example :1
= () ,2 = (5),x : (i)

- (-µµI) (
z = 0 -⇒ 感)

器
。;

‰̂
^

;s : (:n)

- i2 = 2x, => X
, 4a are 1 . D. #
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S 7 . 4 : Basic theory of systems of 1 order linear diff- egs . example : solve Y = **, A= (ii)
-

eigenvaines : 1A- + 11 : ('iiH) =

0

-

Letxi = P, () X , +
...

+ P,n(+)Xn + g , ()
= ( 1- ー 4 = 0

Xる =Pult ) X +

… +Pan+3Xn 5 ga) ) ( ース)( 1 」1 + 21 : 0

in'" PnzH) X 1 +
. ..

+ Pun(t)Xn + guH) (-1 -1) +3 =☆

where P, (t) , ...,
Pun (t) are elements of matrix PG) and g .(t) , ...,gu(t) a ⇒ 」= と」 3

elements of Vellor(t) .

~

つ…に (\ ( 炎) : 0 - 32x , +×a
= 0

- () can be written in a compact form : ⇒
人 る

= - 3× ,

* ' -PC+) * t g(t =⇒ , = (1. )
- (2) is the general form of a system ist order linear diff

. egs. ね=
3 ; ( 考る )

(2 )= 0 -⇒ - 2x* ×2
= 0

- If 5tH = 5
, then (2) is homogeneous : ⇒ ×2

= 2× 1

X '
: pf+) * (3) =⇒ v* = ( 치)

-

general solution: *= c, e
* (a) + (e

*+ (a)
⇒ ×

,

= C , E
' ttant

3

definition :superposition ⇒ ×
る= 一 す

(を t す「 a
を

- If <, () and E2(t) are solutions to the homogeneous system of
-

as + - 0 :

equations , then any linear combination
- if 30

, then X , -

CMTCα Xz x2 - D

is also a solution .

-

if Sad 0 , then X
,
- &

- *州() ,×^(
一

器

の = 主

X2 →
- ∞

-

phase portrait :

p system groris

example : λ 、 (+) に 装列、
2
a1: ( +). saism× :( { ; ) × . v* . () , 양 3 ↑ 0 =) away from 10 , 0)

∞
-

*(+ ) : (i )
e+

,
が(+1 :{z\ e

+

:

U. ^

1) O => towards(0 , 0)ㄱ

⇒ 5 ,tに 可)e
+

: )e +
: ( り(})e

” 》 引 ( > × ,

↓
system decays

. (: ] est √ Yo , d is a saddle point because

⇒
な
' (

t}- - { iz\et: (当)e^^^ ( ; ; )(
j)et rn = (a) , x.

= -1
the synclis E synctal .

= (学) i
' t √

definition : saddle point

Friday , Apri 24 -

if A has two real eigenvalues of opposite signs ,
the origin is

called a saddle point.

5 7 . 3 : Homogeneous systems of two equations with constant coefficients

-

consider xi = ax
,
+ bxz ;

X
,
(0) =*, definition: stability

Xz
'

= Gxi + dxs i Xα iε) = tz - for solutions nearby the origin or any other point as + ->

- * : A 成 ; * = (炎)
,

A= ( : 2 ) ,
*

10n = (袋 )
1. if the solution diverges from the origin , it is unstable

-

steps to solve IVP : 2. If the solution tends towards the origin , it is asymtotically stable

1. Find eigenvalues of A : +,2
3. if the solution stays nearby but doesn't tend toward the origin ,

2. Find the corresponding eigen vectors Vit it is otable.

3. Form of general solution :

* H)= Cie '
" t

vit azetat v.
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example: x = ( -)x

- 一1 階) に

及\a+) 2 = 0

= 6 + 51+ 12 - 2 = 0

= 72 + gl + 4 = 또

= ( ++ 1) (1 + u] : 0 ⇒ 」」 と =
… 4

… :( : ] 1台) : 1 ℃)
ーみ tくこ ℃⇒ し㎡ と 、

Cに 全 ⇒ Ca = 2 ⇒ 8
,

= (景 ]

いズー 4: :( 客 )(台 ) : 1)

い * 写( る = ℃⇒ [ :
重

しに 一河 ⇒ (α= 1 ⇒ 3= (?)

⇒× ( A)= Cie "
( 侵)mmntCae *
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limx(+) = 0 but
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decays fastercie

tson
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Co ,0) is a sink node

」

is positive
θลา ธ
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trajectory rules :

example : + = 3
, 12 = 4

1. identify"slow" and "fast" eigenvalues.
{

closest to o furthest from 8

in this case , 11 , 1 = 3 is slower man Hzl = 4.

2. near the origin = tangent to slow eigenvector
3. far from origin= parallel to fast eigenvector.

4 . no crossing !

summary :

1. if 11
,

12 + R with Syn(t) Esgn(+2) ,
the origin is a saddle point

and unstable.

22 if +
, , +2 -> R with synSt,) = sqn(t) ,

the origin is a mode.

lim x(t)
i

.
if 11 , 12 30 ,

this is a source mode (unstable)
·

test +
7-8

ii .
if 11 , 1240 ,

this is a sink mode (stable)
·

testMX


