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Pythagorean Theorem : Friday , August 23 Generalized Pythagorean Theorem:

a + bz = 32 " sidelength opposite
- Suppose we have a triangle T with side lengths a

,
b,

-
>

a the angle between and( withc being the longest of the three.

theorem: given a right triangle with side
a 3 b

- Then T is a right triangle it and only it atb2 = c?

↑
lengths a ,

b and c ,
where is

the length of the hypotenuse.
Find a general solution to

a2 +b2 = g2 congest side
ax
?

+bx+ c = 0 = -birt
b when a o na

-" L

b
G

Since a 0
, we can divide bothsides by a

·
L

A
L C

E

b =
7 B / 11
·

wa

f :(+ + a =
b a

(2+ x+ = 0

A = (a+ b) 2 = a2+ nab + b2
complete the square (x + a) =E

A = 4(b) + c = 2ab + c
(+

at + 2ab +b2 = 2ab + c take the square root

: 2 + b2 = Ch ·
Converse of Pythagorean Theorem :

- Suppose we have a triangle with side lengths
a , b

, and such that a
2

+ b2 = ch have of cosines
:

- Then , the triangle is a right triangle.
oh

- Then i = a +2- Labros &
⑤ J

M% S
C a +b = ch mkn-x - COS8 : a - m= acos@

- m= b-n - b = n+mi
*

↓
D (2 = at+y z = e2

By pythagoras
:

- n = b- m

a c :. c= 2

"If A then B" : M + h2=2

n2 +42 = ch

=onlyvaluableisA resea vacuous truth-
:. x = m2 + (a2 - m2)

= (n2 -m2) + 92
=

(r- m) (n+mi + 92
- Pythagoras' Theorem is both an I b(n-m) + a

= b(b - am) + q2

itA ,the
=> A => B : b2- abm + 92
↳ BE A

: "A if and only itB"> A= > B = a +b2- LabcosO
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5. Proof Monday,
26 August

proof : Wip : "If is even
,

not is odd" (=) sufficient

Wip : "Ifnt is odd
,
his even" (c=) necessary

( =) :
- Suppose n is even so n : 2k for

some integer K.

definition : An integer n is even if there exists an integer
- Then n+ 1 = ak +1

,
so ntt is odd .

↓ such that n : ak
.

(E) : - Suppose no is odd so r) = 2k+ 1 for

some integer K.

theorem : The sum of two even integers is even - Then n = 1k+1 - 1 = ak
,
so n is even

.
8

proof : -let sy be even. definition : An integer ps 1 is prime if the only
- we want to show that sty is even divisors of pare 1 and p
- Since

, y are even
,
there exist m, n integers such

that : proposition
: If n> / is an integer , then 13 + 1 is not prime

sam] ety-nineon integer

proof : n3+ 1 = (n+1)(n2-n +i)
x+ y

= 2(m + n) son+ 1 (n3+ 1

let c = men

- c+ y
= 2) where c is an integer NTS : m+(f)

,
n+ + n+

: c+ y is even 8

n3 so n+>

definition : Let a ,
b be integers . We say a lb ("a divides b") n so rish so nitt > n+t

↑ allows If there exists an integer i such that bak. :
-

n + 1+) ,
n+ + n3 + 1 *

theorem : If a
,
b , a are integers such thatdla and all, definition: A positive integer a is called composite

then dlatb. provided there is an integer b such

that I Lb < a and bla.

proof : - Since dla anddlb
,

there exist

integers m andn such that :

proposition
: Let a be an integer. If e31 , then

a= dm 13 +1 is composite.
b = di

- Therefore a+ b = d(m+ n) proof :

let c = min

: . a+ b = d) 1 . Let is be an integer and suppose that 11.

-

c is an integer and a + b = di
a Note that <+ 1 = ((+ 1)(22-1) + 17

. d) a+ b # 3. Since a is an integer ,
both (+) and (22-x + 1) are

integers .

definition : An integer n is old if there exists an 4 Therefore ec + 1 /723 + /

integer k such that n = 2k+1 · Since <31
,

12 + 13 1 + 1 = 231
.

Also , since 131 ,
<

. Adding I to both sides,
theorem : Let n be an integer. x+ 1(x + 1

&

-

n is even if and only if n+ 1 is odd. - Thus
,

13+1 is an integer with 1+1+ 1
.

5. Since 1 <H+ 1 and x+l/c + 1
,

<H is composite

*
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6. Counterexample 7. Boolean Algebra Wed, Any 28

disprove : If alb and bla
,
men a : b.

theorem : xVrx = T "I , or
7

proof :
1 . Since all

,
b= ka for some integer K. "1 : and

2 . Likewise , since bla
,

a = my for proof
:

+C) 7vrx "7" : not

some integer m. T F T

3. Substitutingb from step 1 into the equation F T T #

instep 2 : a= m (ka)
a = (mk)a OR

4 . If abo
,

mk = proof : - If a is true
, then ~ is false

,
so x Vi = T

.

: M= K = 1 or Mik =-1 - If i is false
, then is is true

,

5. If M= K = 1
,

a= 11lb ,
a= b so Vll = T

. *
6 .

If m = k = - 1
,

a = 71b
,

a =b

7 . Therefore a = = b * 1- "
: implies "" : If s only if

disprove: If a and b are integers with all , a = b. Y x +

Y Y x- y
Ti T TT T

proof : NTS : all but a s b TF F TF F

1. Let n = n , b = 0 FT FT FEIbracnosly
2 First

, we show that all : no is true F true F F T

because there exists an integer 1 = 0 such that

b = K a = 0 = (0)2 proposition : (x=y) n(y
= x) = x = y

3. However a = b does not hold : a "O because

238 .
* proof:

&T T T

disprove: If p and o are prime ,
then p+g is composite. TF F

FT TF F

proof : 1 .
Let p

: 2
, g

= 3 F F T T T &

2. First
, we show that pand o are prime.

- h is prime as its only factors are 1 and 2. theorem 7 .
2 :

- 3 is prime as its only factors are 1 and 3 . ①

Cy=y commutea3. Now we evaluate p + q
:

-

p + q : 2+ 3 = 3

4. We need to show that S is not composite (i .e .,

5 is prime) . ②yae
12x1

- The factors of 3 are only 1 and
-

Therefore ,
5 is prime , not composite. ↳ ③ Tic J identity elementis

mo

① ( + x) =x] involution

⑤x1(yvz) = (x,y)v(x1z) & distributive

3) v (y 1z) = (Vy) - (xvz) properties

⑳ 1) 1(vx) = F , xV(-x) = T

②Ky: vyly DeMorgansas a
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proposition:V(y1z)=Vy) 1 ( Vz) - A list win i elements and each element is

one of a possibilities .

proof : - # of lists =

n?

- What if we don't allow repeats ?

xyz Vy 1Vz

T T
y_ z(V(y1z) - = (Vy71kvz)

I : F F T T T
I

- n(n- 1)(n - 2) ... (n - k + 1) = (H)
/

T F T T T

TFF F T TT I # 100m final
, O lanes

,
3 winners

F iT T T
+ T T

FTF F FTF F

FFT F F F T
# of possible podiums : 0(8-1) (8-2)

FFF F F F F E * = 8x7x6

OR n! = n(n-ilIn-a ...
(1) for n31

proof : - if x = T
,

ten v (y 1z) :
T

, it oaken

likewise both (xVy) and GIVE) =
T

.

- so , (xV y) 1(xVz) = T

- if x = F
, then v (y 1z) = y 1z

likewiseWy
= y 10 . Sets 1 : Introduction

,
Subsets

xVz =

- so
, pivy) 1 (V2) : y1z 0 definition : A set is an unordered collection of elements.

5 1
, 23 ,

E1
,
23

,
[41 , 23

,
41

,
2

, 333
8. Lists Fri , Aug 30

# = E ...; hi 1 ,
0

,
1

,
2

, ...3
definition : A list is an ordered collection of elements N = [1 ,

2
,
3, ... 3 =+

in a sequence , * = 30
,

1
, 2

,
3, ...

3

(1
,
2

,
3)

, (11
, 2) ,

(1 ,
2 , 31 [1 ,2 , 33 = 43

,
2

,
13

()2 ,3) = 13 , 2
, 17 - Two sets are equal if they have the same elements.

7. How many
lists with a elements exist if the

elements are (1
,
2

,
3

, 4) · A = [ (a , b
,
c) /a

,
b , 2 + and att = 23

4 x 4 = 16/
B = <19 , b

,
111 a cy, b =

any for some
ga

Multiplication : The number of list with 2 elements

Principle where the first element is one of m c = Gla ,
b + E and b 03

things and the second element is one

ofa things is man. d = <(a + & ,
b + N3

↓

Ex: count the divisors of 10" suppose : (a , b, c) + B ,

If alloh , then d : has" Then , there existiy +E st
.

where 01a In a = x- yz
and 02 bln b = hiy

I
& Note : abic to A

The # of such divisors is the number of lists of c = c+ y
the form (9 ,

b) where of In : -an + b2 = (12 -y21 + (axy)h
Oban = el" - marly 2 + y4 + 4xy2

answer : (n+ 1) (n+ 1) = (n+ 1)2 =

(24 + 2x2yz + y4 = (ii+y2)d = c
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- since a b ,c
E and ab :2 A = [1 , 2}

(a ,
b , c) tA subsets : 01 [13

,
993

,
2123

i B1 A

- However
, A B

.

+
413 ①

+2/
~ For example , 14 ,

3
, 3) + A

21 . 23 his3 %

· For (4 ,
3

, 5) - B , we need b= by for some

x
, y

+ E A = 4 1
, 2

,
33

- However my
: 3 - E. subsets : 0 ,

515
,
223

,
535

,
21 , 23

,
41 , 33

,
52

, 33
,
212

,
33

A = [1 , 2 ,
3, ...

my
- airen a sets S and

i

. subsets = an

To prove 5 : T
. ↓

- you need : definition: The power set of A is the sets of all

OS =T (s ts
,
stil sets of A

① T ET(t + i
,

t + T) pow(A) : 2 A

- show that C = D

11 .
Quantifiers Wed

, Sep 4
- suppose + D :

- so d = with atand bt N - 7 - there exists -!- unique
- so a,

be E and b + 0
- nence * ( - Existential statement : To prove them

, you
need an

- so D - C
. example

- Example: There is an even integer that is prime ,

-

suppose 2- (: - Proof : a is even and a is prime
- 00 c = * with a, b E and b = 0

-

soa +
,

b + 4b + 0

- if b + N
,
then D - V - for all -> Proof : Negate the prove

- if b f N , b is a negative integer be by 0

- Example : The sum of two even integers is an even

: integer .

- Example : A = B- Xi +A,Xc + B

- b I and b + 0 so
- b + N

-
- n + E

"Every integer is prime"
:bt D

, so ( = D
.

↓ogic
: On E, n is prime

not prime-eyakiAnt, Linteger that is not prime"
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"There is an integer such that for all inlegers y ,
NTS : Av(B1 C = (AUB)1(Avc)

x + y
= 0

"

1. het -AVIB 1 (

1. (x + E
, Xy + &

,
x+y

= 0 so ( - A (2 - B and x) + (

2 . (x + E
, Jy + =

,
x+ y + 0 (a) if (x) + A) or () + B)

,

x + (AUB)

3."For all integers , there exists an integer b) if (i) + A) or() + ()
,

x - (AVC)

y
such mat city + 0

.

" : x)E (AUB) n (AUC)

n .
Let y (AVB) e (AUC)

(9) (b)

"Some integer is divisible by
7. " so y

-> (AVB) and ye (AUC)
-

- if y A
, y

-> A for both conditions

1. In t
,
71n

-

if y - A
, y + B

-

a .
An + E

,
7Xn it y + A

, y +

3. "All integers are not divisible by 7" - if
Y

-> B and y
+ C

, y + Br

:

Y t A v (B1c)

17

There is no line that goes through all 3 line seyments
Cunless it goes turonyn a vertex)

" Theorem (Principle of Inclusion- Exclusion) :

suppose A
,
B are finite sets :

Negation
: "There is a line that goes through all 3 line 1AUB1 : 1AI+ 1B1 - 1A1 BI

seyments without going throny a vertex
.

"

Proof : -Let a ,
an

, ..., an be the elements of A not in B
,

~ Let b
, D2 , ... , Im be the elements of B not in A.

12 . Sets I : Operations - Let <1 ,, , . . . , be the elements of An B
.

union : A UB = [e(x-A or i + B3 Then (AVB) = nem + r

(A) = M + : (AIBI-1A1BI
intersection : Al B = [x(x) -A and + B] (B) = Mer

3
= (m+r)+ (m+r) - (n+ m + r)

difference : Al B = A-B = Ex(x-A and es By
1AvBUc1 = lArBl + 1c) - KAUBInc

sym .
diff .: A DB = (A-B) U (B- v)

= (A) +B1- 1A1B1 + (c) - MANCU(BUI/
↑

F B = IAI+(B) + 121 - 1AMBI-lANCI-

1B121 + 1AnBrc)

cartesian

product
· AxB = [Gy)/x + A and y

+ B3

DeMorgani
How

many positive integers -1000 am even
, mult of 3

Laws
= A - (BVC = (A -B) 1)A - c) or mult. of 3 ?

A- (BMC) = (A - B) V (A - c)

A : Even integers between 13 1000 (ind . )

theorem: If A and i are finite and1A1 = m and IBl= m, B : Mult of 3 between 13 1000

then 1AXB) = m. n 2:: Mult of s between 131000 (incl .

)

mult- of 6 mult of 15

- ~

lAUBUC1 : (A) + (B) +11- 1AMBI +Au +BM11-

IA1B1C) mult. of 18

= 300 + 333 + 200 -

166 - 100 - 66 + 33



/

e
combinations with repetition

Dozen donuts
,

3 Mavors ,
how many ways

?
H = 12 - some types of relations :

r = 3

-8004008480088 ~ Reflexive - Irreflexive - Transitive .

-(2)
-

symmetric
- Antisymmetric

14 choices for the 2 separators

Let i be a reflection on A.

14 .
Relations Man , Sep 9 ① Reflexive : ( =) ·

- R is reflective if Xa -> A
, (9 , 9) + R . or a Ra

- A relationR on AXB is a subset & AxB .

② Irreflexive:
No loops

- R is irreflexive if Fat A
,

(a , 9)) R . a Ra .

E: A = 21 , 2 ,
3

, 43 -

XbB = 25 ,
6

,
7 , 83 ③ symmetric . (*) a

F
- -

-

T
aRb => bRa

- i is symmetric if whenever (a,bitR
, <D , a) +R .

R = & (1
,
b)

,
(1

,
6)

,
12 ,

6)
, (3

,7)
,
(4

,
773

⑪ Antisymmetric : (1) [any arrow goes 1 ways
"I is relatedto g" - R is antisymmetric if (a ,b) tR and (b

, a) +R!"I R5" I if (x ,y) + R
, <Ry. implies a = b

&
carb 1 bra) = x =

y
"(1 , 5) t R"

&
IRS

,
1R6

,
GR6

,
317 , 4RS 1 R

⑳
2I* 7

, IRO ,
aRS , 27 ,

aR8
4

6

↳a*
Yf

- R is transitive if CableR and (b , cItR

A g
S

⑤ Transitive: (1)a OR %-

implies (9 , c) + R
. (xRy n yRx) = xRz

~ R is a relation on a set A if R = AXA

A = 21 , 2 ,
3

,
43 Theorem:

- Let R be a relation on a non-empty set A

1. Let R , be the relation" is equal to
"

- Then & is symmetric and antisymmetric if and only
Ri : [ (1 , 1)

, (2 , 2)
, 13

,
3)

, 14 , 473 it R & &(a , a) (d = A3

2. Let By be the relation "is less than"

R2 : G (1 ,2) . (113) , (1 , 4)
,
(2

, 3) ,
12,2)

,
13 ,

473 Proof :

3. Let R3 be the relation such that :

Rz = & (1 , 1)
, (1 , 2)

, 12,2)
,

13 ,
1

,
13,2)

,74 ,43 (= ) :

- suppose (a ,b) +R

- Since R = E(a , a) la + A3
.. a = b

so (b,a) + R

- Therefore R is symmetric .

- Suppose (b) + R and (b ,a) -R.

- sink (a , b) tR 1 a = b.

- so
,

it's antisymmetric .
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:
Case 2 : a is odd.

- suppose i is symmetric and antisymmetric . Since (a,b) tR
,

b is add·

- Let (
, b) - R . Since (b , c) -R

,
< is old.

- Since R is symmetric , (b , altR .
Since a and I have the same parity , (9 , 3) + R.

- Since R is antisymmetric and (,b)ER and (b,a) - R. : R is transitive .

So
,

a = b -

- Therefore (a ,
b) + Ex ,() (s) + A3

- equivalence relation

congruence mod n
:

grey
differ by a multiple
of n

A =2 1 , 2
, 3 ,

43 - We say Emodn iff n((b - a)

a is congruent to b (mod n) , a=blmodn) => a cmodn) = bimodn)

- How many relations of A are symmetric and

antisymmetric .

Consider the relation Rn : E (a , b)) a = bmodn]
: (b) - Rn if nlb-a

h4 = 32 // (Power sets ( Prove equivalence relation on

diagonals Reflexive : Let a - Et

- # of relations :↑m2 &
off-diagonals

- # of symmetric : Gh.
R

- #IS: (a ,
alt Rm , a = a mod n

~ # ofantisymmetric : 27 . 3
En na- a2

n2 - n *
z

- # of reflexive : N choices when a b
- a-a = 0

,
M18 because 0 = 0 . m

n2 - n - include (a ,b) but not (b , al
- # of irreflexive : h ~ includesb ,al but not ca , b) .. na-a

- exclude both
-

# of transitive : open problem. :. a = a.

- Thus
, Ru is retrexive .

13 . Equivalence Relations Wed , Sep 18 symmetric : Let (a , b) + Rn

- We say a relation R on Set A is an equivalence
~

NTS : (b ,9) tRy,
b = amodn

,
a la-b

,
a -b :kn

relation ifR is reflective , symmetric , andfransitive. - Since (a, b) + En, d = modn ,

so n = b - q

& (1 , 1
,

12.2)
, 13373 on E1 ,2 ,

33 is an equir . relation. - There Tk + A S .t b - a = k . a

a- b = C- k)

- Since -k E # , n1 9-b :· (b , 9) + Ry
- LetR be the relation on where a is related - Thus , Rais symmetric .

to b it they both have the same parity.

Transitive :

suppose (a ,b) + Rn and put Rn

Prove it's an equivalence relation :

-:9 , c) tRn
,

a = cmodn
,

nlcra.

Reflective : A number a has the same parity as itselfso - Since (a , b) + Rm ,
nlb-a

(a , a) ER :· R is reflective · ~ Since (b
,c) +Rn

,
nl Eb

symmetric: Suppose (a , b) + R. -Since nlb-a and nlcb,
case 7 : a and bare both even

,
then (b,a)tR. n) (D- a) + (c- b) = c - a

cuse 2 :
a and bare both odd , then (b , 9) ER. So

, (a ,c) - Rn : En is transitive.
:. R is symmetric

Transitive : Suppose (9 ,3) + R and (D ,CER. G]m : <
... ,

<hm,m
,
x , C

+ M , 2+ 2m , ·
.Seivalincclassa

Case 1 : a is even Ex : What is the equivalence class of 2 with respect togrence g ?
Since (a , b) +R ,

b is even - [a] = Ext : (2) , 2) + R]
Since (b ,GER

,
c is even :. x = hmos = mod 5 = amod 3 = 2

[]
a and I have the same parity : · (a , c) +R :. (2) : G ...

- 81-3 , 217 ,
12 , ...3
i
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EquivalenceClasses ① A
[a] : A

- Let R be an equivalence relation on A.
- Let t A

, then 17t [x]

- Let a t R - so
, x + u [a]

atA
[a] = [x + A : (x , a) + R]

Frie subset of some equivalence relation & which includes
- ThereforeA [a]

all elements that are equivalent to each other.

In the relation with parity ,
there are a

-

Laz = GbtAlca , b)+R3 - A
,

equivalence classes. So V : A
at A

[O] -set of even numbers

[1] - set of odd numbers

③ G ,b)XR ,
(a) 1 203 = 0

~Ex: A= 41 ,2 ,3 , 4 ,53
,

R= Ecab) : a+ b is eveny

[17 = 9 1 ,3 , 33 [3] = 2 1
,3 , 53 [57 : 31 , 3 , 33 We'll prove the contrapositive (Ey =<y=x)

[2] = 92 , 43 24] = Ea , 43
there are only

(1) = [3] = [S3 ↳ [2] = [43 : nequivalenc - If [a]e [b]/0 , ( ,b)+R .

classes

~ Le+ i) + [a]n[b]
.

- Theorem : LetR be an equivalence relation on A · so (941)tR and (b , x)tR

① If (a , b) + R
,
2a] = [b]

-

By symetry ,
( , b) + R

② If (a] = [b]
, (a ,b) + R -

By transitivity , since (9,71) -R and (1) ER
,

③ (a , b) + R
I

[a] +[b] = 0 (a ,b) + RΔ
④ U [a] : A

Proof :

at AX union of all equivalence classes

16. Partitions
A

Al
1 2

Al

334

& (9 ,b)+R NTS : [a]: [b] - Let R be an equivalence relation on a set A.

- The equivalence classes of R form a partition
(=)) - Let it [a] #: [a] =[b] of the set of A

- Then 19,x) t R ->xt [b]

-

R is symmetric so (x , a) + R. - (b ,11) +R (Partition) Let A be u set. A partition of(or on) A is a

- (i),a) + R and (a, b) t R set of nonempty pairwise disjoint sets whose union is A
.

so by transitivity ,
(,b) -R,

by symmetry , (3,2) + R. ① A partition is a set of sets : each member of
- So

,
xt [b] a partition is a subset of A. The members are

Thus [a]< [b] #S: [b] =[9] called parts.

->

y + [a] ② The parts of a partition are nonempty .

(E) - Let y
+ [p]

, so (b , y) + R
.

-> (a,y) -D ③ The parts of a partition are pairwise disjoint .

- Since (a , b) -> R and (pyStR , ( , y)
+ R

, No two sets of a partition may have any element in common .

- Hence
, y [a] - if [a] + [b]

,
29] 1 [b] = 0

↳- so [b] [a] ⑪The union of the parts is the original set .

inerefore [a] = [b]
·

U[a] = A

Last A

② 29] = [b] #is : (9 ,b) + R -> b + [a]

- By reflexivity a + 29]
,

be [b]. (Counting Equivalence Classes) Let R be an equivalence class on a

- b [b] => bt[a] because [a] [b]
.

finite set A .

If all the equivalence classes of R have the same

- Since be 29]
,

(a
, b) ER O size

, m , then the number of equivalence classes is
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17. Binomial Coefficients Fri , Sep 20 Proving Pascal's Identity:

Pascal's I n= 0
- Let nik be nonnegative integers with K+ 1 In

Triangle I I n= 1

I 2 I n = 2 (ii) + (+ 1) : (ii)
133 I n = 3

14 l 4 I n = 4 Algebraic Proof :

I 3 10 18 S I n = 3

(Binomial Coefficient) : (i) = n(k

(m) + (i)
=in: cm-1 :

="n choose K
"

- number of ways of choosing 1 elements from a
=

n ! (k+ 1)! + n ! (n- k)!

set of n elements (if the order doesn't matter (k+ 1) ! )n- k)!

- number of K-element subsets of an n-element set = n ! (n+ 1)

(k+1)! (m+ 1)-(k+ 1) !

(Pascal's Identity) : (i) + (1) = (i) I n+ 1) ! = Until r

(k+ 11! ((n+ 1) -(k+ 1)) !

n(n-Y(r-2) ... (n-k + 1)
-> enforces an order

k(k- 1) (I))... (h) - to remove ordering Combinatorial Proof :

n ! M(k) -Let's count the number of subsets of 21 , 2, ...,
n + 13

: (n) = k ! (n- k) !
=

k ! with k+ 1 elements

① it's (ii)
②Consider whether the subsets have not or not .

Why is it true that : - There are (i) subsets that contain N+ 1
.

-

There are (intl subsets that don't contain n+ 1
.

Newton's

(a+ b(n = ()an -p ? Binomial
Theorem (Theorem) Let OEK*n are integers

inen (n) = (n1)

E: (a+ b)S = (a+ b)(a+b)(a +b)(a+b)(a+ b) Proof : Algebraic
↓

two choices when expanding (n) = n ! (1) = n !

:
5

= 32 k!(n-) ! G-k)! (n-h- k)) !
↓

n !
sum of row n: 3 of ↳

same! =-k) ! k!

Proof : Combinatorial

- If you choose a subset withK elements of 27
12, ..., my

-It's complement is a subset with n-k elements.

e.

g: the # of subsets of [1 , 2
,
3

,4 ,
53

with a elements = # of subsets with 3

elements.
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Counting Lattice Paths :
1. How many poker hands ?

② How many paths from A- B if you can (552)
only move -> & ? N-E lattice path

S
· B(5 , 4) 3. How many poker hands are mere with just one pair ?10

is as 70

41020 35S6
10 127(a)

H103
6 10 iS 21

- to getfo B , you need S right arrows ?

10 H up arrais
,

in total 9 arrows.

2 3 46 6

* &

1 0 1

A(0 ,07 -How many poker hands arethere with two pairs ?

- In general ,
the number of paths from 10 , 0) to (nik) lis (MK) or (**) -> this is because once we choose the N's,

the E's are given , and vice versa,

and not a full house
↑

② Now what if we allow -> ↑↓
, but you can't 4 . How many poker hands arethere with three of a kind?

repeat a vertex ?
64

1
4 10

· B(3,3) l
1

4 10

a kind
1

4 16

Alr , 09 416
5. How many poker hands are mere with four of a kind?

- In general : (b+ 1)
"

i
③ Now, you can't cross the diagonal ,

only- &

(n, m)
↓

Dyck Path -How many poker hands are a full house?

↑ Catalan number
:On) number of paths

- from 10,0) to (n ,
n) with only -> ↑. l

(0
,0)

a kind

# Note, you can never have more &s than -s Howmany poker hands are a straight flush ?

ni(n) 10x(4) = 401

↓
from A 234

i

Poker Hands :
10 JQKA

but not a straight
↑

- Deck has 52 numbers , 13 numbers
,
4 suits. 8. How many poker hands are a flush?

- Pair : same number

-

3-of-a-kind : same number (b)(4) - 40

- 4-of-a-kind : same number
a

but not a flush

-Full House: 3-of-a-kind + pair 9 How many poker hands are a straight ?
-

Straight : 5 consecutive numbers -> suit selection
3

- Flush : S in same suit 10x(y) - 40

-

Straight Flush :

Straight + Flush

10. How many poker hands are a royal flush ?

Many= * 1
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22 . Induction Theorem : Let n -> E : n > 0

Then an Itn

- we have some statement that depends on a variable n

which is a positive integer. Base case : n = 0

S(n) . 2031 + 0

- NiS : S(n) is true Uns, no. 13

Inductive hypothesis : Suppose 2"s, 1 + 1
-

Steps :

&
Base case Inductive case : a** K + 2

1 . Prove Scno) is true, :. 22 k+ 2
Il

2. Prove S(K) implies S(K + 1) -> Inductive Step (k+ 1)23k +2

- You can conclude that it's trueIn no. nk+ 2 > k + 2fk = 0 X

Ex : Prove 1 + 2+... + n :A for come n Prove : T+ + 5+ H +
...

+ an 1 + =
,
fanzo

Base case : n = Base case :
n= 0

1: 201+ = 141

Inductive hypothesis: Inductive hypothesis : suppose
T+ +

...
tats

, 1 +*
-

Suppose12+... + k =t for some <, 1 .

(1)

Inductive case:a++
Inductive step : (NTS/ 1 + h+

. .
+ k + (k +1) =

(k+ 1)(k+ 2)

#

1 + * + 2( = 1 + - + E
-

Adding K+ 1 to both sides of (1) : a k >08

Itht
...

+ k + (+)
with a unit square removed

EX: Hockey Stick Identity
There Let> 1

.
A 2x2h grid

Can be filed with L-triominoes .

(r)+ ( () +... + (r) : (ii) for nar . Base case : n =

Base case : n= r ⑭
(r) = (ii) = 1 = 1

Inductive hypothesis : Suppose any 2"x2" grid with a

Induction hypothesis
:

square removed can be filed with

↓ triominces .

-

Suppose (v)
+ (**) +

...
+ (h) = (ii) Inductive step :

Inductive case : "Sin
Nisir)+... + () + (k) = (n)

:. (i) + (1) = (i) *
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Prove : fi = (Proposition) Let n be a natural number.-

fa = Then 4"-1 is divisible by 3.

fr : fut fre for 33

I ,
1

,
2

,
3

, ... (Proof) For each n
,
let P(m) be the statement 314"-1

- Base case :

In :( ~ P(O) is true because 481 = 0 = 0 . 3

S -

Inductive hypothesis :

-

Suppose P(K) is true FK= n :

Basecust
- 314"- 1 : 41 = 3m for some meE.

:. 4k = 3m+ (1)

- Inductive case :

⑤ - We must show that*
- 1 is also divisible by 3.

-

Multiply both sides of eg . (1) by 4 :

E 4 - 4" = 4(3m + 1)

4k+ = 12m+ 4

to : (2 .(E - subtract 1 from both sides :

⑮ ⑮ 4k
+

- 1 = 12m + 3

-
4k+ 1 = 3(4m+= In where n = 4m+

- Thus P(K+ 1) is true ·

- Therefore , P(n) istrue An -N
.

W

Inductive hypothesis :

suppose fie = (-( Chicken McNugget Theorem :

⑤
- If a and b are positive integers such that

and firs = (E)+
-( g(d(a , b) = 1 (i .e ., relatively prime
⑮ Then

any
number n ab-a -b + 1

can be written as ax + by with (x ,y)+ z : x > 0
, y30 .

Induction Case :
- Let a = 4

, b = 9 largest number we can't

write in the form

# fitz = (2+
- 24 =

6- 4
axtby is ab-a-b

- GS = 4 - 4

⑮ - 26 = 2 .
4 I 4(a+ 1) + 93

- 27 = 0 - 4 + 3 . 9

fa+z = fi + fx+1
- 28 = 7 . 4 5-step induction

: +Ath =(
- 29 = s . n + 19) n - n + S

- 30 = 3 . 4 + 2 .
9 Base cases :

S - 31 = 1 . 4 + 3 . 9 S() , <(2)
,

. . . , S(s)
-

37 = 8 . 4

I- 33 = 6
. 4 + 1 .

9 : By 4-step induction
,

(proposition) Let be a positive integer. Then - 34 = 4 . 4 + 2. 9 every number 24 can be

20 + 21 + ..+ 24 = 2 - 1 - 35 = 2 .2 + 3 .
9 written as 49 +96 with ab30 .

Proof. - Base case
: n= = > 21 = 2 - 1 = 20 = n- 1 = 1 - 36 = 9 . 4

- Induction hypothesis : Suppose Goth't ... " = a" - (1)

- Induction case: NTS 20 + zi+.. 2
*"

+ 2 = ak*

- - So
, what's the largest amount of nuggets we can't

AddingG"to both sides of (1) : buy with boxes of 4 and 9?

20 + 2 +
..

+ 2k- 2k = yk - 1 + 2 n = 4 . 9 - 4 - 9 + 1

= G . 24 - 1 = 2k
+1

-1 = 36 - 4- 9+ 1 =
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strong Induction :
- Any polygon can be triangulated I
- An external triangle is a triangle

1. Base case : in the triangulation that uses

i- Sno is true two sides.

2 . StrongInduction Hypothesis :

- suppose sco) is true for all no mEK. - Theorem) : Any triangulation of a polygon with n4

3. Induction step : sides has at least 2 external triangles.
-

show S(K+ 1) is true.

-

strong induction hypothesis :

Suppose any triangulation of an m-sided

polygon has at least a ext
. triangles

(Fundamental Theorem of Arithmetic) : - Induction case :

-

Any positive integer ns 1 can be factored as a product
- Take a K+ 1-sided polygan . Triangulated , the

of primes in a unique way up to ordering. triangulation consists of drawing diagonals.
- Since K+ 134

, it must have at least one diagonal.
- We'll prove that they can all be factored

,
we won't

-

Isolate a diagonal d.
A

prove factorization is unique.
- Case 1 : B

-

A or B is a triangle. The other one has

Proof : at least 4 sides.

- P(a) is true because 2 is itself a prime. The one with 4 sides by S . 1 . H has at least

- Assume PCK) is true FK : 2 = Kn . a external sides.
- We need to prove PCK+1)

,
i .

e
, k+ 1 has a prime

factorization -Case2 : A and is have at least 4 sides

-

Consider K+ 1
, there are a cases :

1. If k + 1 is prime :

- Then Kil is already expressed as a product

of prime factors (itself) ,
and PCK+ 1) holds ·

2 . If K+ 1 is composite :

- Then ] a
,
b +

+
such = a

,
bEK

and k+ 1 = axb
-

By the inductive hypothesis ,
PCa) and P(D) are

true
- Therefore

, a = p, XP2X ... * Pm

and b =

g , xg2x ... xqn where pi and g;
are prime.

- Hence k+ 1 = axb = (p =Pax ...

+ pm)(y ,xgax...

+ gu)
- This expresses k+ 1 as a product of prime factors,

proving P(K+ 1).
-

By the principle of strong induction ,
P(n) holds

for all integers n = 2: every positive integer
greater than I can be expressed as a product of
prime factors.
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F if a claim is about something
20 . Proof byContradiction "not" being something else Prove that (A-B)e (B-A) = 0

- If we want to prove an "If A ,then B" statement. 1. Assume
, for contradiction ,

that (A-B) n (B-A) * &

- Direct proof : Assume A is true
, prove B is true. 2 .

This means Jx Such that- (A-B) &(BA)

- contrapositive : Assume B is false , prove B is false. 3 . 60
, ()-A-B and x- B -A

- Contradiction : Assume A is true and B is false 4. - (A-B) means -> A and #B

↓ GB is true 5. + (B-A) means i- B and <A

DAssume TP
- Then you reach a contradiction. 6 . From steps 4 and s , we have :

②Find contradiction " reductio ad absurdum" - A and c A 3
P17P ↳ 8

③Claim 77p = P
which proves is had to be true. - x B and x B

g

7. Both statements in step 6 are contradiction .

0 . Therefore , our initial assumption must be false and we conclude

(Theorem) There are infinitely many primes that (A-B) n (B - A) = 0.

Proof: suppose ,for the sake of contradiction , there are finitely

many primes. lineorem) No integer is both even and odd.

- Let P1/P2 1 .... pr be the complete list of primes.

Let N =

p, pa... put
Proof :

-N > Plipe ..... Pr So N is not prime because it 1. Assume , for contradiction
, that Int E that is

can be factored as a product of primes. both even and odd.

-Let p be a prime divisor of N. n . This means n : ak and n = am+ 1 for some integers K , m.

Then p
=

p ; for some i = 112 , ... in 3. Therefore
, ak = am +/

- so plpips ... pn and plN = pops ... put 4. subtracting am from both sides :

Mu-

so pl N-p , p.... pn
= / * ak- 2m =

O

-Thus
, our assumption that there are infinitely many

2(k- m) =

primes is false. E k- m =

5
. Since K-m is the subtraction of integers ,

is an integer.
↑

6. Therefore , our initial assumption must be false and we

(theorem) on is irrational conclude that no integer is both even and odd.

Note : A number is rational if it can be writtenas

a ratiostruction) of two integers.
(Theorem) e is irrational

Proof :
- Assume

, for contradiction , that where p and
q

are integers in lowest terms. Recall
, e = it is+...

- In particular , both p anda cannot be even.

-

square both sides : a= Proof :

-

Multiply by q2 : 2q2 = p2 1. Assume ,
for contradiction , that= where p and

-

p2 is even
, so p is even (since odd t odd = odd) g are integers in lowest terms

Let p
= ak 2. Multiply by q

::

- substitute :2g2 = (2k)2 = 41 e .

q!=
B-

ge is even
, so of is even

6
e . g !

=

p . (q-1) !
-

Both p and of are even
,

contradicting that they've in lowest terms.

- Thus
,

we cannot be rational and must be irrational. ( 3 sincepandqarMegan intea
e .

g:!+ ......
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- is a root of ch-2 Swell-ordering Principle) : If s is a non-empty subset of N,
-

"M is a root of2-3 then I has a smallest element.
-

i is a root of 2+

Whena is a root of a polynomial with integer

coefficients
,

we say a is algebraic (ineorem) Division Algorithm.
Let a and be be integers

- If there is no polynomial with integer coefficients with Then , there exist unique integers a r such that

root 9 , we say & is transcendental. Da = bq = r

② 0 = v + b
-> first to be discovered

-

Examples : e
I

M
,

Liouville's number
(1840s)

&↓ ~ proved in 1888s Proof :

proved
e

so
(Hermite

- suppose by a
↓

- proved that if X is algebraic ,
-Let 6 = ExtIN/x= a- bq for g-z]

- ed is not algebraic
-

S is non-empty because a - S.

-

S ? I.

-

By wop
,

there is a smallest elementr ins .

21 . SmallestCounter- Example
-

r = a - bq so a = by tr

Assume ,
for contradiction , that r5b .

Steps : ① Negation : Assume the formula fails for some smallest K. - Now
, consider r-b .

⑨ Base case: Verify the base case (typically n= 1) -since by a
,

r-b + 0 do v-b50 so v-be N

③ Use the assumption for n = k-1 - r-bar
,

so r-b S.

-Since K is the smallest counterexample , the theorem must
-

If r= a- by = > r- b = a- bq - b

hold for all values n < K
, including n = K-1 .

= a-b(q+ 1)

① Express the quantity for n= K using n= K-1.
- so v -bes

⑤ Simply the expression and check if it contradicts the
- so r < b.

assumption that the theorem fails atK.

⑧ contradiction : Since we have shown that the proposition -we proved existence
, now let's prove uniqueness.

holds for n=K
,
this contradicts the assumption that the - Assume

, for contradiction that a = bg ,
+ r

,
with Or, b

theorem fails at the smallest counterexample K
.

Therefore, and a = beatre with O ? retb

no such smallest counterexample can exist. with (q1 , r) = (2 , Val
-

Aq ,
+r = Death

b(y , -qz) = ra -r ,

Prove Har ... n= so bra-r ,
- Since O r ,

< b and O-re < b,

Theorem : For all not IN : - b < ra-r, b

2
-

60 2 -

ri = 0

Proof :

S(r) = I+ G+...+ M =

M(n+1)

- so ra = ri
! (d

- Assume Scn) is false for some n IN
. Let K - Therefore , bgitr = bgetic

be the smallest counterexample such that : bq) = byz

S(k) + (+ 2+
.. . + k= (i) : q ,

= q2

-

S(1) holds because 1= = 1
,

so K > 1.

S (K= 1) holds such that :-Sincei

isthesmallestcounterexample
- Notice that S(k) = SCK-) + K

-
H

2 + K

san
contradicting (1) - .



/

(Euclidean Algorithm) 24 . Functions :

domainLet ab be positive integers .

& map -domain vertical line test

a = by ,
+ V , 020, b

- f : X - Y range/image

I b =

riga+ v2 0 - very
- f is a function from Xto Y if ↑ (y + y = f(x) = y}

logan i - Exce X there exists a unique y
- Y S . t f(x) =

y.

In-2
=

Un -1 gut in of Undrn
OR

Un-1
=

rnyn+ 1 + 0 ↓ - A relation + is called a function provided

gcd(a,b) (9 , b) -f and (9 , c (t + = b = C

domain

(Bezont's Identify) : Given ab- N , there exist phy)- such that codomain

ax + by = g(d(a, b)

Then , pla or plb.
D(Euclid'sLermal : If plab where pisprime , (a,b)+ I,

Examples :

< Proposition) Every natural number is even or odd.

1. f(x) = x2

P (n) = One N
, n is even or odd. Notice that this is a f : ->

+

Proof : - f(2) = 43 f(- 2) = 4

- Assume , for contradiction
,
that P (n) is false.

-

codomain = Et

Let k be the smallest counterexample such that : Range : Exet is an integer
7Kt I

,
K is neither even nor odd

- 3 im f.

i

.e, k = am or K * GMil where me E.

- PSI) holds because 1 = 2007 + 1 , so K > 1.

-

Since K is the smallest counterexample , assume PCK-1) Holds s.t : Useful Functions to know :

JK-1 - N
,

K-1 is either odd or even.

- If K1 is odd : k-1 = 2m +/ Characteristic Function :

k = 2m + 2 = 2(m + 1)

so k is even <K is neither even or end ( fac = GO if i * A Y like truth tables
-

If K-1 is even : K-1 = am 1 if - A

k = am+ f : z = 20
, 13

so K is odd t < k is neither even or oda).

-Either way , we have a contradiction. Therefore Identity Function :

Un -> N , n has to be even or odd. W

- ida: # = A

where ida(a) = a -> example : f(x) = x

(Proposition) Every n52 is a product of one or more primes

(Proof) : Floor 3 Ceiling Functions :

-

Assume , for contradiction
, that PCn) is false.

Tren
,
let k be the smallest counterexample sit : Floor : fall = (x) ->

(a · x yz) = 2

7k2 that is not a product of primes. ceiling: f(x) : TelT Ta . xyz] = 3

So , 1= a .b where I a , b < K

-

PCa) holds because a is itself a prime .

Sok -2 ·

-

k is the smallest counterexample so PCn) holds for 25 n > K.

- Since Ita ,
b < K

, P(a) and PCB) hold .

inat is
, a ando are a product of primes

Since K = a . b
, K is a product of primes

inus
,
Fr > a

,
n is a product of primes .

8
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Injective , Surjective & Bijective Functions : b. What about when f : z = R ?

- In this case , i= E Fy EIR

Injective : f : x-y is injective (one-to-one - For example , it y
: 3

,
<: E.

to every value in the rangeif f(x) = f(x2) = x
,

= 3) corresponds to exactly one element
-

Thus Jye s .tx - & with +C=

y :

↓ in the domain.
or if , E2

,
then fasi)ffal When := R

,
t is not surjective.

Examples : no two inputs can share an output.
↓

horizontal line test c . What is the image of f ?

1. f : R= R -

Im(f) = Gy + R)y = 2 mod 53

f (l) = 2771/

f(x) = f(y)
= 2x+ ) = 2y+ ) =>=

y f is 1-1 . d . What about when f :IR=*

- NiS Fyt&, Jx - st f(x) : Sx+ 2

2
. Is +(c) = c Injective

?
- x = 3

ya
-

Suppose +(a) = + (b) - Since y
-> E and subtraction ,

and division by a nonzero

au = y2
3Th

constant (5) yields a real number , 3) - IR and f is onto 8.

= a = = b

- Let a = 2 and D = - 2. one-to-one correspondence
↑

- So f(a) = +(2) = 4 Bijective : A function is bijective if it is both

f(b) = f ( 2) = 4
. injective 3 surjective.

-

Thus +(a) = +(b) but a = b : fa= is not injective. -

For f : X-X
,

each 11t X maps to exactly
D

one unique y + X.

- As a result (x) = 141

3. snow fe) : 3x - 2 is injective .

NTS f(x() = f(x(z) => x,= Cy
- Direct : Suppose f(a) = +(b) %.. Function Proofs :

3a - 2 = 3b - 2

3a = 3b - f : A = B

... a = b W Injective 1
.

Is + H ?

0 To prove : Assume f(x) :fly)

Provex = y
Surjective:: X-Y isto or active

I
& To disprove : Find* y stf() = +cy)

iff FytY ,
JceX S .t fall = y .

↓ -
1 .

let f(z) = y 3. range of y
im (f) = codomain of+ every element in the codomain 2 . 18 + onto ? 2. find y = f() 4 .

Check range
: codom

range maps to at least one element
-

Examples :
in the domain

,
O To prove : Let bt B

Find a + A sit f(a) = b.

1. +:- &
, f() = 2x+ 1

,
is + onto? ② To disprove : Find bt B st there is no at A

- NTS FytE ,
Ex - st f(x) =

y
with f(a) = D.

-

That is
, y

: 2x+ 1

-

Rearranging : x=

- Ex = 2k for some KE * (x has to be odd.

-

Since even integers are not in the image off,

& is not onto (the codomain has to the image)

2a.O fac: Sith is surjective when f : RE

- NiS Vy + R ,
Je + R : Sx+ 2 =

Y
-Solving for::

- Since y+, < -R because subtraction & division

b a non-zero constant (5) preserves real numbers · -
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Inverse Functions: Cineorem) If f : A- B and g
: BC are surjectiveConto

functions
,

then got is onto.

Let f be a bijection from set A to B

- The inverse of fif" ,
is the function from B to A (Proof) : gof : A-

defined as +" (y) = 1) iff +(x) =

y .

- Let Ct C
.

NiS JaeA st g(f(a)) = c .

-

In order for a function to be invertible , it must be a bijection.
- Since

g is onto
, 7b + B s .t g(b) = c

- Since + is onto
, Jat * S .t f(a) = b

- So gof (a) =

g(+ (a)) = g(b) = c .

P

(inecem) : Let f : A-B

f: Im -> A
f" is a function iff is 11

.

(Theorem) f : A- B
, g

: B = C
,
n : Ct D

(3) : Then,

- Let's prove if f is not 1
,
then " is not a function. no (go + ) = Chog) of

- Ja
, an : a Fam get +(a) = flag)= b.

- So (n
, b) , (an , b) -> f

. sproof) : NTS : 1 . dom (no (got)) = dom(nog) of

-

Thus
,

(b , 9) ,
(b , 92) - +" 2 . holgof)(a) = Chog) of (a)

-Since a, 92
,

f "is not a function. 1. dom(no(gof) = dom (gof) = dom(f)

(=) : dom (Shog)of) = dom (f) -

-

supposef is 1-1
. WTS : f" is a function. a . No (gof)(a) = h(g(+(a)) -

-

suppose (b , 4)
,

(b , 92)-f". Chog)of (a) = hog (fcal)

(aval): snow a = da.
= n(g(f(x))

-Therefore (a
,, b) , (92 ,b) -> f.

- f(ai) = D
, fasi = b

,
so flai = flaal.

- Since + is 1-1
,

a
.

= an
-

suppose+ and f" are bijections ,
f : AEB

,
f" : B- A.

fof+
= id B

↓
if functions (i .e, t is not onto) ,

f" of =

idA
Then +" : (m(f) -> A

26. Composition: i .
fof" = Im +

- f : A - B g of is defined if

-

g
: B = c ↑ dom(t) = codem(g) i.e . ) (A - ()

-

gof : A = C

where g of (a) =

g (f(a)

A =5 B ) dom got dont

Im (gof) = Im (g)

Tot

(ineorem) If f : A- B and g
: B=C are injective (1-1)

functions
,

then got is injective.

(Proof) : Suppose gof (a) = gof(b) .
NTS a = b,

- g(f(al) = g(f(b) we can cancel out the

- Since gis H
,

flal = f(b) *
functions

, leaving the inputs

- Since + is 11
,

a = b
.

0
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counting Functions : 2. Prove O+ => & :

- let B = Ep
, ba

. ...,
br

,
so IB = n.

- A =G1
, 2 , ...,

n3 Since + is onto for each bi , there exists ai-A such

- B: G 1 , 2, ...,my in a function , every element in the that f(ai) = bi
.

ret domain maps to something in the -From te definition of a function , a , da , ...,
an are

codomain
.

① How many functions - : A-B exist ? all distinct.

f (1) has m possibilities - Ea
,, da, ...,

and A

Hal hus m. SD 199, an , ..., anz) =
n

= (A)

IBI'* - So
,

H = Ea1, da , ...,
an3.

↓ elements
options to map -

Suppose facifcy) so cl = ai for some i

?
& How many 1-1 functions : A-B y= 9j for somy.

map n elements onto

f() has m T m elements -fabibi , fly) = bj so bidj => i=j =

a = as got is H ·

->waysenging
f(2) has M- 1 (h) .

n : if m = n

i
O if man z 3. Prove+ =D :

f(n) has cm- n)+
&

we don't have enough elements in
- Let A

= Ea,, 92
,
... an3.

the domain to map to every element

in the codomain.
-

Let b ,
= f (a

,) + B
.

③ How many onto functions + : Ati
?
-> inclusion-exclusion ba = f(az) +B

9 functions - functions that aren't auto i

-
each missing value bn = f(nn) + B

mn - (m - 1) m + (2)(m- 2)" - (n)(m- 3) +... (m(m)(m- m)" - Since f is H
, Dr

,
Da

...., by are all distinct.

↓ triple
-

We know f is onto , so there is no other output,
missing a value

"

pair
V

-

-

60B = Eb,, Ba , ...,
bn3

- IA) = n = 1B)

"(i)(m-1" = name
m

a

- (Theorem) Let A ,B be finite sets and f : A - B,

- If a of the following 3 are true , the third is also true.

1)(A) = 1B)

2) f is one-to-one

3) f is onto

1
.

Prove O +& =8 :

- Le+ A = Ga,, aa , ...
an3

-

f(ai) = bi

-

+ (az) = ba

:

flan) : bn.

-Since fis H
,

bi , ba ,
... by are all distinct

- Ebi , ba ....bp3- Bi

-

But IB) = IAF

and I&b ,ba
, ...,

bril- n

- so B= b , 02 , ...,
bn3

-

Take b -> B so b: bi for some i.

-

Then flail = bi , so f is onto,
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if A 3 B are finite sets and
*

23. Pigeonhole Principle : IAI > /BI
,
there can be no 1-1 3. Let's consider the cases :

B
functions f : A - B

- Case 1 : 3 know A (call them B , C , D)
·M

*

- If you have n+ 1 pigeons flying towards n pigeonholes, - Now look at edges between B
,
C

,
and D. D

at least 2 pigeons will share a pigeonhole. -If any of them know each other
, not get a

triangle ABC or ABP or ACD
.

Generalized Pigeonhole Principle :
-

If none of them do
,

we get an anti-triangle BCD
.

- Case h : 3 don't know A (call mem B, C , D)
·

A
- Givenn items and K boxes

,
if man

,
there is at least one box -If any a don't know each other , we ·

· B

with [*] items · get an anti-triangle ABC or ACD. :a
D

If all 3 know each other , we get triangle BLD.

4. In either case :

Examples : - We find 3 people who all know each other or

1. 28 students , 12 months 3 people who don't 5.

- T : T . xyz .. = 3

:. At last 3 people have a birthday in 1 month. 3. Suppose we haves points in the plane with integer coordinates

-show there is a point with integer coordinates in at least one

segment connecting the original 5 pointss .

2 . 50
, 000 people , 366 possible birthay

- I'll show that the midpoint of at least one pair has

n integer coordinates.

- (30007 = (16
-xyz ...) = 17

:. At least 137 people share a birthday. - m = (i)
- For m E

,
K ,fila and y , +ye need to

be even . Thus
, 1) , and <y need to have the

3 .
Show that at a party at least 2 people have the same number same parity .

Same for y , and yz.

of acquaintances.
-

For each midpoint (+ 2 , Y ,+ya) can be seven , even),

- Ex: 7 people (even ,odd) , codd , odd) ,
or lodd ,

even) , so 4 possibilities,
0, 1 ,

2
,

3 , 4 ,
5

,
0 3 7 options

- From the pigeonhole principle , there are at least[7 = 2
↓ ↓

know no one know everyone => can't both exist coordinates with the same parity.
: there are actually only 6 options.

6. Rational numbers are numbers of the form , atz ,
bF0 .

4 . airen 6 people at a party , show you can find either ~ Prove that every rational number must have a repeating
a)3 of them that all know each other,

know each
decimal representation.

other
b) 3 of them that don't know each other , - * B · 3

. 833 ...

AY ·C Proof : 6 23

Proof : RamsayNumera F
* -Given a rational number t

, when we

= 1800
1

.
First

,
let's model this :

a
perform long division , we multiply the

rz =

20 ↓
Dry =

- Let's represent people as vertices . remainder and divide by b
. Each Step 28

-

An edge between two people means they know gives us the next digit and a new remainder.

each other , no edge means they don't. -when dividing by b , the possible remainders are 0
,

1
, 2, ...

6-1.

-So, we're looking for either : a) A triangle (3 mutual edges So there are only b possibilities .

or b) an anti-triangle (3 vertices with no edges between them .)
-

After b + 1 steps of long division ,
we have b+ 1 remainders but since

2. Let's focus on one person , call them A. There are only b possibilities ,
some remainder must repeat

-looking at the other s people ,
each of these (by pigeonhole principle) .

must either know or not know A. ~ when a remainder repeats , the next digits will be the same

- By pigeonhole ,
at least7 = 3 people either know as what came after the first occurrence .

or don't know A. - Thus , every rational number must have a repeating decimal expansion.

D
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7
. Given a 18x10 chessboard and 41 rooks , prove you can find 9. step size -< , &

S rooks that are not attacking each over

.I j unit circle

hole size Eso

E

Proof :
- Prove that the person will fall through eventually

.
- Since we have 41 rooks and 10 rows ,

one row has at - Proof :

least [i] = 5 rooks. This is the row with the most rooks. - We need to find ; and ; such that

- Let's call this row Rs IG(j - i)[]) < E
·

- Each of the 3 rooks are in a different column. * 52.23 = 0 . 2

- Mark the C
, Ca , (3 ,

Cu , Cs
.
R,( - 30

,Lim
= 0 00 SNENst

- Now we remove Rs and consider the sub board :

- So, now we have a 9x5 board with 36 rooks.
- Narcs of the circle ·

-

45 spaces , 36 rooks , so 9 squares must be · - If you have N+ 1 steps , a of
empty . By pigeonnol , I colum must havea them land on the same arc.

least [7 = 2 empty spaces
- Sincea Q

, two step sizes can't fall on the

①
-

choose 1 of these empty spaces and remde the vow. same point : id =

Ni + dia]
- Now

, we have a 8x5
,

so 40 spaces ,
32 rooks ja

=

Nj + Ej9]
so there are 8 empty spaces. So one row has at least <j-i)a = Nj - Ni

[5] = 2 empty spaces ,
choose 1. ② := Ene

- 7xb - 35 spaces ,
28 rooks , 7 empty .

So
,
I now has at

last (5) = 2 empty I
Choose 1

.

③

- 6x5 -> 30 spaces ,
24 rooks

,
6 empty .

So
,

1 row has at 10 .
Let 5 = E1

,
2, . . .

,
283

least 157 = 2 empty ,
choose 7. ⑪

- If we pick 11 numbers , we are guaranteed that the sum of
- gx3 - 2) spaces ,

20 rooks
,

s empty .
So , two picked numbers is 21.

1 row has at least [57 = 1 empty ,
choose it $ - Pairs that equal 21 :

we've chosen 5 empty spaces in different vows and columns, (1 , 20)
, (2 , 19) , 13 , 18)

, (4 , 17) ,
(5 , 16) / 3 10 pairs

essentially selecting s non-attacking rooks W. (6 , 15)
,
(7 1 14) , (8 , 13) , (9

, 12) , (10 , 11)

- suppose you pick the first number in each pair such that

none of the numbers you choose sum up to 21 :

8 . Given a alx25 chessboard with an ginte er written on each & 1
,
2

,
3

, 4 ,
3

,
6

,
7

,
8

,
9

, 103

square ,
show there is a rectangle (with width , length

= 2) in the -You've picked 10 numbers
,

so you need to pick 1 more

board
,

whose 4 corner numbers sum to a multiple of 4- No matter which number you pick , you'll complete a pair that

sums to al.

Proof :

- we will color a square black if it's a multiple of 4.

Blue if it's mod 4 . Red if 2 mod4 11
. Let ABC be an equilateral triangle with AB= 1

.

Show that by
Green if it's 3 mod 4. selecting 10 points on the perimeter , there are at past two with

- If we find a rectangle with corners of the same color, & istance = Es apart .

A
+
3

I
& -

when we add tem up , we will get a multiple of 4.
C

&

1

-

B

I

-was squares scols Proof :
↓

If we divide the perimeter into sections of length 5
,

we get
- we have 4 colors

,
so by pigeonhole ,

7 color 9 sections (including vertices A ,
B , C).

appears at least 7 times, By pigeonhol , atRast [7 = 2 points must be in the same section.

25 For two points in the same section , their are length distance

21=> winners -5.↓
i

&
-

There is a color that appears as the "winner" in (Erdos-Jzekeres) : Let n be a positive integer. Every sequence of n2+/

the most rows . By pigeonhole ,
it will be the winner distinct integers must contain a monotone subsequence

in at least 6 rows. of length n+ 1
.
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Cardinality : 3. snow ((0 , 1)) = 1C 1 , 1) i on
+: (0 , 1) => ( 1 , 1)

2x - 1
-

The cardinality of a set A
,

denoted by IAI is the number f(x) = 22) - 1 (1) = [(0 , 1) x2] - 1

of elements in A when A is a finite set. OR

- Injective
:

Suppose +(a) = +(b) f(0) = - 1

- For infintite sets : - Ga - 1 = 2b-

- Let A andB be sets
.

·
- 29 = 2b = a = b fil

-

IA) = IB) if there exists a bijection : A-B. ↑ -

surjective: Let y = f)

- IAIIB) if there exists a 1-1 function : AzB. -

y = 2x-

- 1A) - /B) it there exists an onto function f: A-B. - f( 1 =

y
*

↳
-

- NTS - (0.1) :

·
so or

0 2 y + 142

1 . Let's snow 1221 : 1 II :

:. + <ya *

+: 2 = 22 injective : surjective :

f(n) = 2n. f(a) = f(b) Let y = f(x) Sineoem) Two open intervals have thecame cardinality
Y29 = 2b x =

a i . e., ((a , b)) = (( , d)

a = B f(x): = y B

- f(a) = c J (7-

f(b) = d

2
. Snow /I = 1* -

- 2 =
! !

(Proof) : +a =(+ [c-()a]
f : IN -> Ri

& f (n) = Eitnicea b
(b-1 - G

2 - 1

3 - - 1

- Provef(n) is bijective :

Injective: Suppose
- Since b-a >0 andd-10

, we can

- Injectivity: Suppose f(a) = f (b) multiply by both sides.

-case 7 : both odd case 2 : both even: - Thus : v=

- - - = -z
-

1 - 9 = 1 - b
-

9 = G

-

a = b. (ineorer) : Equality of cardinality is an equivalence relation.

-

Case

3:different patitis (Proof) : We need to prove the relation is reflexive
, symmetric ,

and

- transitive ,

-

a = 1 - b

- a + b = 1 == a
,
b + /so a+b = ( + ) = 2 - Reflexive: netA be a set

.
NTS IAI : IA)

-

So f(ul - f(b) - Take f : A - A defined by f(i) = 1) .

- Therefore
, + is injective. I ~ f(u) : + (b) : a = b D Injective

-Let y
= x)

.
↑ surjective ·

-

surjectivity : Let y
: fail

- Case 1 : 1) is even Case 2 : < is odd - Symmetric : Suppose (A) = (B)
,

NTS IBI = /A)

-

y= -

y = " -

f : A-B is a bijection . NTF g
: B > A .

-

x = ay - x
= 1 + hy

-

Take g
: B- A defined by g = +"

·

- + (ay)= =

y
-

f((+ zy)= = Y
- Since- is a bijnation ,

f" is also a bijection .

- Therefore , + is surjective. As
-

so
, (B) = (A) D
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- Transitive: Suppose1A) = /B) and IBl = /C1
, NTSIA) = ICI 2. snow that &1 , 4 ,

%
,
to, ...

3 is countable.

-

There is a bijection f : A-B. EBc Let 5 = 31,,,, ....

There is a bijection g
:B - C. - Let f : N > S

↓
Then

, gof : A-C is a bijection. ↑ : fin) = n2

I
+(x) : fun (l) Injectivity

:

4. snow ((-E
,
Ell = IRI

I
- Suppose f(u) = f (b)

i =
- + : -

,
2) - R - a = b2 => a =bif is injective. #

defined by fal = tance I surjectivity :

-

Injective
:

- Let y
=

f ()
-

suppose tancal = tanch) for some ad - (, : y
= x2

- For contradiction
, assume a - b , and a <b. x

=F
-

tance) is cont . on [a , b] and diff . on (9 ,b) - f(= -) =

y f is surjective.
-

By Rolle's ineorem
,
Ic + (9 , b) Rolle's Theorem :

such that f'() = 0.
- Ift is cont , on [a , b

- f'( = seco =0 and f is diff on (a , b), (Theorem) If A and is are countable , then A UB is countable.
↓

tances) is increasing on Feel and f(a) = +(b)
,
Ic +

- Since our assumption that a = b (a ,b) S . t : f'() = 0 . (Prost) :

led to a contradiction
,

we conclude C
- Since A and B are countable , we can write A = 29, 921 -.. 3

a = D. · and B = E b, da , ...
3

- Thus
,

+ is injective.
-

inus
,

AVB = E a
,bi , daiba, ....

- surjective : -

If A & B + O
, don't list duplicates .

- Let y
= fall : y = tance

x = fant cy) :· f(taricy) = tanctaricyl) =

y
*

(Theorem) If A and B are countable , AXB is countable.

countable : (Proof) :

->
smallest infinity

- A = Ga,, 9a , ...

3

#-

A set A is countable if IA) : IN = No Caleph not] - B = Gb
,, ba ....

3
- A set is countable if there is a bijection between that set and

- AXB = E(9,
b

,) ,
(92b

the natural numbers.

lineorem) /2/ > /N Cantor's Theorem

1. snow that 50
, 2 , 4 , 6 , 83 is countable.

(Proof) : 12 = /IRI

Nis : 20 , 2
, 4 1 6

, 8, ...
3 50

,
1 , 2

,
3, ...

3 so IRIE IINI

ano
n

↓
R is uncountable .

n

: f(n) = E

Verifying Bijetivity:

1. Injectivity :

-

suppose + (a) : +(b)

- a = bt is injective. ↑

2. Surjectivity :

-

Let y
= f(x)

y = : x = 2y

-

+(2y) = = =

y it is curjective. -
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!"

Cantor's Theorem : Cantor-Bernstein-Schroeder Theorem :

-

Recall , IAIIB) if there exists f : A-B that Cineorem) IfAl IBI and IBIFIA)
, then IAl = 1B)

is one-to-one. Equivalently ,
if there exists Proof) : We have + : A-B that is 11.

Bg
: B- A that is onto.

&
We have g

: BE A that is H.

- f : zB is H Goal : Find a bijection : A - B.

-

g
: B - A g()= f () if it im (H)

A f
BE

a if<A im(t) Al
g(B) Bi

S

f(A)
Az

yo + (A) fog(B)

it

r

- IAILIB) if IAld /BI and IAIFIB g

- A, = A - g(B)
-

(Cantor's Theorem) : 1AI-12* B ,
= g(B)

-

go + (A)

Rephrase : There exist no ontr functions from A to 2* - Az = got (A) -

go + og(B) & -AMgOA
-

By= gotog(B)-

go + ogof (A)

To show IAI1G*1 is easy
: - Let C = A , U AzU ..

D = A- C

- f : A =2A - n(x) = S +(c) if x + C h :*= B

f (a) = Ea] g'(x) i+ x = D

Example :
A = E 1 , 2 ,

33
-

claim : n is a bijection
fill = Eig an = 20 , 313 , 923 , 333, - Injectivity : Suppose hal = h (b)

+(2) = G23 2 1
, 23 , 97 , 33 , 92,

33 -

case 1 : a
,

b + C

+ (3) = 33] 2112 ,333 - n(a) = n(b) = 3 f(a) = + (b)

f is H . a = D.

-

Case G : a
,
b + P

Prove IA) + 12
* 1 : - n(a) = n(b) = > g(a) = y (b)

-

gis Hi · a = b.

- Assume
,

for

contradiction ,that they
have the same sea

- Cases : a + c ,
b - D

- n(a) = n(b) => +(a) = g" (b)
applya k

-

Let + : A = 2 A -

a EC , so at Ai for some i both sides

-Let's show that f is not onto . [let's create a set#im (+)] =
g of (a) -> Ai + L

- Let B = EetAlxf(3 - gof(a) = b + Ai + 1
= b+

-

Claim : Bim(f)

-suppose , for contradiction , that Be imf).
-

Surjequity: NT EbtB
-So

,
I a t # s .

t f(a) = B .

- Is at B ?

- If a + B
, then a +(a) =B -LetEfAUfAl.

O

- If a # B , then a f(a) ,
so a - B. - If b - E&

-Thus
, 1AI12t) < /24/ L...

- be f(Ai) for somei ,
so Jat Ai S .t f(ai) = b.

-Sohai
=fit

-**A foranyg(B)/ Aim

g(B) so g(b) A.

-

so g(b) + A , VAaU ...

=

g(b) + D

Thus
,

n (g(s) = g(g(b))= b
,

so be im ().

- Therefore , his on to 0.

https://math24.net/cantor-schroder-bernstein-theorem.html
https://www.youtube.com/watch?v=IkoKttTDuxE
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(Corollary) 190 , 1)1 = 10 , 131 34
.
Fundamentals of Partially ordered Sets

-

We showed that ICO , 11 = /IRI. ground set

↑ a
partial order relation

-

A partially ordered set is a pair P = (X , R) where X is a nonempty
Proof : set and R is a relation on X that satisfies the following conditions :

- We know 190 , 13 1R since fa = 1) where f : [0 ,
1] -R

- Ris reflexive : fx +X
,
x Rcc.

-

Since (COM = (IR)
,

CIRIIco, 1 -

R is antisymmetric : Fay -> X
, xRy and yRx

=
x = y.

: 1C0 ,) = 120 , 131
.

-

R is transitive : F
, y ,

zEX
,
if Ry and yRE ,

then <Rz.

Sineorem) IIR) = 12 1. x = 2112 ,35 ,
R = ((x ,y)/x * y3

Proof : we'll snow 120 ,
131 : 12 R = G (1 , 1) , (1 , 2) , (1 ,

3), 1-
&a

(2 ,2) , (2 ,
3),

↓
LetN toA (3 ,3)3

f() = 2 + y +y +... = 1 - Since R is reflexive , we don't have to draw the loops.

-Since R is transitive
, we don't have to draw 1 R3 .

- claim : - is onto. The result is a Hasse Diagram :

-

Let x + [0 ,1] ↓
- If <Ry in the poset,3

-

Wis : - A - Nstf(A)=
X. Total Order

I
-

we draw 3
X = 0 . b

,bzDz ..
1

Example
:

2 = 0 . 001001001

=3+6 + 2a + ziz +
...

A = 23, 6
,

9
, 13, .... 2. X = 2572 ,

33
= 90

,
31 ,

323, 533
,
91 , 23

,
91 , 33

,
42 ,

33
,

21 ,
2

333]
f(A) = =+o +a ++

... = m = E( ,y)(x- y3
- so t is onto. maximum

- Thus
, 12 = /20 , 171 51 , 2 , 33

91
,
23

% 31 , 33-42 ,33

- Now
, consider g

: 2
*
-> 20 ,1 sir YesX/height = 4

g(A) = Gen it 533 width = 3

11/
-

g(21, 23) = 0
. 11

&03minimum

g(93, 4,63) = 0 . 001181

- Thus
, g is 1-1

- 60
, 19 = 150 , 131 Definitions : comparable

- since 12/2150 , 13) and 12/ = /20, 13), ↑
"is below" incomparable

12M = 150 , 13 - Suppose P = (X
,
2) is a poset.

below E

they are not connected by a above -

↑ path that respects the order .

(Incomparable) : a , b EX are called incomparable if

Usingme Cantor-Bernstein-Schroeder Theorem
, prove 12

= IRI. a b and b a A # b

Chain) : CEX is a chain if for any abec, alb
- +: a-> [8,17 are comparablee.

I
f (A)= 25(e

. g .,
+ (52 ,3 , 03) = 0 . 01001 (Antichain) : AX is an antichain if for anyat A

& depth-first a ,b ->A , a ,
b are incomparable.

-

g
: 50 ,

13 - 2 (Height) : The height of D is the maximum size of a chain.
↓

g(A)= 00101100111
....

- It is also the longest path from the minimals to te maximals.

= 0
. 1011001 (width) : The width of P is the maximum size of an antichain.

↑
breadth-first

↓
width : max (longest antihain at each level)

-

A, = A-g(B) ,
these are sets that end with En, n+ 1 , ...

3

- Az =

g of (A)
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55 . Max and Min 3
·

x = 22 , ...,
n3

R = G(x ,y) = x = y}
(Maximum) : An element me X is a maximum if for every

x + X ,
Em

. height = n+

(Minimum) : An element me X is a minimum if for every width : (E)

3) + X ,
ME

. maximum : [1 , 2, ...,
n3

(Maximal) : An element me x is maximal it for every minimum =
↓

no successor x that is comparable to m,m.

(Minimal) : An element me X is minimal if for every
↓

no predecessor x that is comparable to m
,

m = n. 5)). Linear Orders

Gotal/Linear Order) : Let P = (X , 2) be a partially ordered

1 .
X

: Elia
, ...,

so] set .
We call P a total or linear order provided

R :(( , y) = x(y3 P does not contain incomparable elements.

maximals : 26-58 -> for any number
,

ma if

minimum : I m = 27 . (Isomorphic : We say PEQ 3
height : 6 "poset p is isomorphic to posetQ

"

width : 25 if :

- isomorphism -> bijective
invertible .

1. there exists a bijection f : P= Q

2. the bijectionof is "order-preserving" such that

n
.

X = 21 , 2, ...,
n3 x

, y + P
, x(y <= fx) =

a
+ ()

R = G(,y) : x (y3

-
accounts for the 1

v
isomorphism

height : Llogans +1 n 1
.

Given +: p = Q
I

width : [] - Prove es is a minimum in piff fall is a minimum in Q.

maximals : (E) + 1
,
L+ 2 ...
+ []

minimum Proof :

= suppose is minimum in P
. (NTS : fall*- Fz +@)

1 . By definition
, Fy - P , Epy .

(ineorem) : Given a set with not positive integers ? In ,
at least two of 2. For

any z - Q , since + is surjective , Jy-P such that fayl = z .

them divide each other . 3. By the isomorphism property of f ,yep , f() = @f(y) = z

4
. Therefore Fz-Q

, fG) = z , making fall minimum.

(Proof) :

-

Every positive integer can be written as : # suppose +(1) is minimum in Q
.

CNTJ : Ey Fy - P)

m = a
"

. b where bis odd. 1 . By definition
, FztQ

, f) = z

-How many old numbers are there between 1 and an? 2. Let z =f (y)

n 3. Therefore y= f"(z)

-

By the pigerringe principle , at last a numbers have the same 4. Sincef is an omophism , there exists an order preserving +" : Q-P.

odd part. 3. Applying f" to both sides of 1 : x = pf"(z) = y.
zi.b and G5b 6 .

Jirket" is surjective , this covers all the elements in p
.
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- If <j = zib/256 .

-

H jai ziblaib.
# For whatdo we get a linear order ?

n = p" for some prime p
and nonnegative integer K.


