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Practice:Wed
, Jan 15Spaces

① R with + and X
-

A central gogl in math is abstraction.

- Modern math aims to understand the underlying What axioms hold?

-

commutativity for bothstructures of groups of objects.
-

associativity for both

Pros : consi - identity for +: 0

O more powerful X : 1① harder to understand

↳ handle infinite problems
-

closed under inverses for +.

② easier to make connections IR is closed under inverses for
((R , +, x)③ easily connect areas of math -distributive property

(2+ ix] ↑-)tp ,

+
p , xp)2

Note
:When all axioms hold we call this a field.

-

classifying spaces is one way we "abstract" math.

- Most spaces have

② E1
, 2 , 33,① objects I

&

② operations -
0
-

= max2
-

,
-3

③ axioms - *
-

= min E
-

,
-3

-
O commutativity

~
Axioms ② identifies : max : 1 -> 103 = 3

, 102 = 2

(Definition) Axioms are rules that characterize a space. min : 3 - 103 = 1 ,
203 = 2

③ associativity
↑
-> Therefore not a field

↳ not common

O commutativity : a Bb = by a · 2011 = max (2 ,x) = 14closed under inverses⑪
↓ &Addition of integers 2 * 22 = min(2p) = 3

~↓ ↓

operation do (b *c) (b) * (a0c)object ⑤ distributive :

- consider 3 possibilities
② associativity : ab (b0d = (a0b)0a 7

.
a = DEC no(b + d) = aob = b

.
↓

(ob) * (ax) = b + c = b

③ identity : n
. b = a = : and so forth

3
.

bkc * &- there exists e in the space where

a be = a and exa-a
,

for any a in the space.

-

Examples: (To, 2+ 0 = 2

0+ 2 = 2 ③ Explain why (N+, x) is not a field.

(N
, x)5x1 = 3

(x5 = 5 -

No inverves for additions multiplication.
-

No additive identity
⑦ "closed under inverses" :

-
exception : additive identity

- For any a in the space ,
there is an a

in the space where

>identityawa" =
e

a Ba = e.

-

Examples : ((t ,
+) 2+ (2) = 0

(RY
, x)10x0 = 1

⑤ distributive property
:

- at(bwc)= (a8b)0(a0c)
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ifp wasn't prim,
Vector Spaces④ (Toz , X7 ,

+z) * this wouldn't be a field

-

objects : vectors -> ordered list of numbers- Nz = 20 , 1
,
2

,
3

, 4 , 5 ,
63 = 96]

-> capture direction & magnitude
-

a +zb = (a+ b) mod 7

- 3+
7 4 = 7 mod7 = 0

-

ax=y = (axb) mod7 1 . Vector addition-

operations :

- 3x74 = 12 mod7 = S 2 .
Scalar multiplication

3. no vector multiplication
Axioms :

-

associativity
: inherited from + and X. (Vector Space) A vector space over a field # is a set V

- identifies:: O with two operations
I

X7 : 1 1. Vector addition,
~- inverses : +

z
: 2 . scalar multiplication,

↓
Given at Rz

,
a+ - a) = 0 in D. satisfying the following identities (axioms) :

In 171 - a = 7 - 9 .

Axioms :

Complex Numbers 1. commutativity :

- i + = = +u Fair -> v

(Definition) A complex number is an ordered pair (a, b)
,

a , b - R,
- cult) = <(E) FriveV ,

x+#

often written as a+ bi. 2. associativity :

- Thus
,

- i+ (V + w) = (u+i) +v fi
,
v

,
w + v

D = Ga+ bi; a ,
b + R3 -

(B( = <(B) (v + V
, x,Bt

3
. additive identity :

(Theorem) I is a vector space over R. - 78tV such that + = Y

4 .
additive inverses :

(checklist) - FrtV
,
JheV such that F+ W =1. I satisfies vector addition.

2. I satisfies scalar multiplication. 3 . multiplicative identity :

- 71 - # such that 18 =v+ V
↑

airen atR
,

3 ,2 e E

a(b, c) = a(b+ (i) = ab + aci = (ab , ac) 6. multiplicative inverses :

- Jat # such thata = 1 Nat #.3. The additive identing is (0 ,%) = 0+ 0 = 0

4. Given (a, b) - D
,

the addivite inverse is 7
. distributive property :

(a
,

- b) Since (a-a , b -a) = 10
,

0). - actti) = actat fa + #
, ivt v (vector addition

3
. I is the multiplicative identity from IR.

-

(a+b) = av+ bita
,
b + #, -V (field addition)

↓
1(a ,b) = (a , b)

6
.

Given a t R
,

(b , c) and (dif) -> D
,

then (Closure) Vector spaces must also satisfy the axioms

a((b , c + (d ,f) = a(b , c) + a(d ,f) of closure under vector addition an scalar

7 . commutativity multiplication.↓- !8
. associativity if +F , +-#

if - #
,
ave #

Exercises : V + V - v

①
n mod 4 = 1 (Vector Addition) An addition of a set V is a (binary) function that

Xi X1. x 2 - q2 = (x- a)(x+a)/ For -V assigns an element it for each pair of i - V.

- 1④ I

(scalar Multiplication) Scalar multiplication of a set V is a function
n mod 4 = 0 (j) n mod 4 =

2
.
x+ 92 = x2- 979- 1) that assigns tr V for X- F and VEV .

③
n mod 4 = 3=

x - a2((z)

= x2 - (ai)2

= ( - ai)(x +ai)/
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TheoremsExamples :

(Theorem 1 .26) In a vector space v
, the additive identity is unique.1

.FIVEYEA
y + V

Proof :scalar multiplication modulo a

- Let O and O'be additive identities of v
, meaning :

V + 0 = v V + 0 = V.andV = & (0 , 8) , (0 , 1) , (10) ,
(1 , 1)3

s0 + 0 -
-

Consider the sum

0+ 0 = 0exhaustive proof of+ p (0 ,0) (1 ,0)(0 , 1) (1) (because O' is an additive identify

*10 , 87 (80) (10) (8 , 1)(4) closure of +p
-

Similarly , Since O is an additive identity :

(1 , 8) (10) (007 (11) (0 , 1) * additive identity (0 , 0) 8 +8 = 0
%& *(81) (0 , % (46) (8 ,8) (10) additive identity

-

By transitivity of equality:
(6

, 2) (1 , 1) (81) (10) (80) * commutativity
-

Therefore ,
O and O'must be equal , proving that the

additive identity is unique.a associativity : inherited from field (component-wise addition

b
. closure of scalar multiplication :

- - F
, <y

-> V essentially inherited from fiela

Corollary) If all elements in a rector space V act as an- - ((y) = (4x , +y) - V

Since X , Xy
-> # . additive identity ,

then V has only 1 element

and V is called the trivial Vector space.multiplicative identity
:

- Observe that 1Cx( ,y) = (12) , 1y) = (( , g) for all

( , y) + V and 1 E R.

lineorem 1 .
27) For any rector in a vector space V

, its additive inverse is unique.c
-

Therefore
,

1 is the multiplicative identity .

d . distributive property : i) x((y)+ (4 , x) = X (x, z) + x(x , x)

Proof :ii)(d + x)(, y) = ((x,y) + x(x , y)
- Let W and w' be additive inverses of V

, meaning:i
.

FX-#
, (y) , su , r) +V

scalartiplication
V + W = 0 and 1 + w = 0x((, y)+(=+(+ y , y+ v) (

distributivity of
reatur

addition
- Consider Wi= ((+ u)

, X(y+V))
↓ field.

W = W + 0 (by identity property= C + a+ Yu
, ty+ ful

&
reverse vector

addition
- Substitute V + W' for 8 := ( +x , ty)+ (tu+ +v)

=+ (( , y) + <u ,v)) freversescann
w = w + (V + w)

ii. Fa
,

x + F
,
< ,y) + V -

Use associativity-
w = (W + V)+ widistributivity(a+ +(x ,y) = ((a+ +(

, (+ x(y)
-

scalar ↓ -Since w is an additive inverse :multiplication
=

(ax + +, <y + xy) reverse vector
addition

w = 0 + wi= (x( ,xy) + (xx , xy)
reverse scalar↓
multiplication=

x(x, y) + + (x, y)a -

By additive identity property :

w = W'

Therefore ,
w and w' must be equal , proving that

the additive inverse is unique
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the number o

↓
(Theorem 1 .

30) Let V be a vector space over a field f ,
and let of IF 3. U = G(y)+ R2(+ y = 03 = I

be the additive identity of
. Then , for any reV , (i) Observe that (0, 0) -> 11 since otO = 0.

Or is the additive identity of V. (ii) Let u = (a , b) ,
V = (Thy) -> 71.

u+ v = (a , b) + x , y)

Proof : NTS : v + Ou = v = Ov + V =

(a+ x , b+ y)

observe : (at)+(b+y) = (a+b)+ (+y)-

Let Of # and v + V.

= 0 + 0 &- Consider Ov = Co+d) V distribution of scalar multiplection
=

Out Ov
↑

over field addition (iii) Let -RR and v = (x ,y)
-> I

-V = X (x , y) = (tx
, xy)

-

Adding the additive inverse of Ov :

observe : +x+ +y
= - (x+ y) = to = 0 .Ou + ( 8) = ou + Ou +

5- 0V)y associativityadditive ↓
inverse 0

=

Ov + (0V+ (0r)

0 = Or + 0

-

Thus , Or is the additive identity of V. Sum of subspaces ve
L

Definition 1 .36) Let V
,V , ...,

Un be subspaces ofa vector space VI

The sum of V .Ve , ....Un ,
denoted Fi is the sum of(Theorem 1 .31) Let V be the additive inverse and let

all subspaces is the sum of all possible elements :a - #
. Then a : 8 =

0

.

V + Ve +... + Un = Ev , + Vat ...

+M) Vi + V= 3

(Theorem 1
.32) Let - 1tF

.
For VEU

,
<-1)v is the

↓additive inverse of V. Examples :

the number - 1 times
a vector .

1
.

P2
, p3244Proof :

-

Let V + V.

p2+ p3 = [p()+ g()(p(x+ P2
, g(+ P33- Since - 1- # :

- 1v + v = 5 1+ 1) = OV . Is this just ps ?

P32p2+ p3 !-

By commutativity :

v + = 1v) = (1+ 1))y = or Proof :

- Since 11 + Ov = (1 + olv = 1V = V
, (E) Let pat P3

Or is the additive identity of V. -

Notice that 8- P2
-

Since pac + 0 =

p() , p(x) + pz + p3- Thus
, <1)v is the additive inverse of V.

(E) Let rall= Pa + p3
. Then per) , ga in p2 ,

43 such that

subspaces r() = px)+ g(x) .

-Since pe - P2
,
men Ja

, b ,
c + R St.

subspace UIV of a vector space if and(Theorem 1 . 34) A subset is a pac) = a + bx + x

only if
- Sincequ) + P3

, the Jabicin-R S .tI satisfies the following.
additive identity/

1. U gx) =+x + mx2 +2x3zero vector -

addition closure -> 2
. U ,

- U = u+ V - U - Then
, r(x) = p(c) + q()

= (a+a) + (b+5)x + (c + 5(x+ (0+ Y(3Multiplaction closure - 3. for cE# and ut Ul
,

cutU .

- Notice that ra) +> P3 since (at) ,
(Dib)+ (c +Y)+ a + R .

Examples :

1
.

P2-p

2 .
IR= 1 C2

3. G(y) -> 12 k+ y = 03 - 42

4 . Eky) -> R2/cy = 13 not a V .S.

3 . The The
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(Theorem 2 .40)Suppose Vmarsupasoften
V- Examples :

1
.

- V = R2

Proof :
-

Vi = (( , 0)(x + R}

-Let U and W be subspaces of a vector space V
,

and
-

V= 3(0,y)(y + m

let S = u + w = Eu+ w/n + U
,
w + W3. - V + V = V

1. First
, let's prove is a subspace :

a .
Of Since 0 :

Ou + O where Out U
, OwEW.

- Take (u,w) -V .

↓ theonlyway
w

aab
.

For 3
, Szt6 : S

.
= U ,

+ W
,

and Sa = UztWe where U
, 12t 21

, wintW (u , w) = (n , 0) + (0 ,)

5
,
+Sa = (u ,

+ w,) + (42+ wz)
-

so
,

V , V = V

= (u ,+uz) + (w , + wa)-S since nituzt 21
, WitWat W.

c. For <- # and s = utweS :
cS = c(u+ w) = cu +WES

since cut 1
, cr -W . 2

.

- V = 12

2. Next
,

let's show U
,
W + S

.

- Vi = EG ,x)(x + 1R3
- For

any u + 21 : u = u + Owe S.
-

Va = G(8 ,y)(y + R3
-

For any weW : W = r + OutS .

- Take (n ,
w) + V

.

3. Finally ,
let's show is the smallest such subspace. (u ,w) = (u , u) + (0 ,

w - r)

-Let T be any subspace containing both U and W.
- so

, V , Va = V

-

For any st6 : s = n+ W where ut =T and we WIT.

- Since T is a subspace ,
it's closed under addition, so utw-

T

. minimize redundancy dim (V ,)+ dim(V2) = dim (V)
⑭ A

-

Therefore
,
ST. (Theorem 1 . 49) -

Suppose V, , . . .,
Um are subspaces of V.

Then V, +... + Um is a direct sum it and only if
I

We've shown that S is a subspace containing 21 and W
,
and any Geometrically : the only way to write O as a sum of V +... Um is

↓

other subspace containing e andW must contains . split the space by taking v =
= 0 for all i. ↓

-

Therefore
,

S is the smallest subset containing both 11 and W. evenly with no overlap (except0) Vi + vz = 0 <= v ,
= Vz = 0 .

Examples : Proof :

# If Vit ...
+ Um is a direct sum

,
then all vectors have

1. V = R3 a unique representation , by definition.

V
,

= E(0 ,y,z))y+ z = 0 , y ,z - R3
-

Of V.
Y

MM 1
.34

Va = E(x, 0 ,0)(x + R3 -

For each i
,

8 - Vi. Notice that O +... + 0 = 0
-

m times

vz = E(0 , 2y , 0)(y - 1R]
-

Since V
,
+... + Um is a direct sum

, by definition,

V
,
+ Va + Vz = Ev, + v + Vz) Vie Vi] this must be the only way to write it.

(1 , 1 ,
1) -> V + Va + Va

4 ↓ W
(0

,
-1

, 1) + (1 , 8
, 0) + (0 ,

2
, 8) - suppose them is only one way to represent of V

,
+

...
+ Um,

which is 0 +
... + 0 = 0.

un
m times

- But suppose , for contradiction
,

V
,
+

... + Vm isOT a

Direct sums + Mon
, Feb 18 direct sum.

since this isn't a direct sum,
- Then7r+V

, +... + Um S .
t

~ has two different representations

↓
(Definition) Suppose V , , ..., Um are subspaces of V. V : V

,
T ... Um V = N

,
+ ... Wm where ViF Wi for some i.

- The sum V, t...+ Um is called the direct um it
- Then

, -v = - V
,
+... + - Um by mm 1 . 32.

each element can be written in only one way.
-

As a result ,
v + (v) = (w , + ( VR) +

... (m + (- um)
- If Vi +

...
+ Um is a direct sum , we write 0

=

8 +... + g

V
, 0 ... Um.

-

By men
, Wit(vi) = 0 => Wi = Vi for all i.
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v V

-

Example : 2A . Span and Linear Independence Wed
,

Feb 12

V = R (Definition) A linear combination of a list of Vectors VI ,
Va, ...,

Um in a

VERY Yet an space V is a rector of the form.

av ,
+ 92Va +... + amUm far ajt#
-

sum of scaled Vectors

Theorem : V = V , GB

Proof :

/Definition) A
span is the set of all linear combinations ofa list of

- To prove V = V ,OV , by therem 1 . 45
, we need to show that rectors VI ,

Va, ..., um in V.

if VitVe = 0 Where V, eV, and VetVz , men v ,
= V = 0. span (V

, , . .

., Vm) = ga , V
,
+ .. .

+ amUm/ditFivie V3
-

Let v
,

= (9 , a) -> V , and Ve = (b, -b) +Ver
- If VitVe = O

, then :

(a , a) + (b) - b) = (0, 0) Examples:

(a+b
, a - b) = (0 ,8)

- This means :
1. spane (1 , 0 ,

03
,

11 1 0
,
0 t R3

a +b = 0()

a - b = 0G) spana (1 , 0
,
8) = E(, 0 , 0713) + 1R3

-

Adding equation() and (2) :

2a = 0

a = 0 2. spane (1 , 0 ,
93

,
1110 ,

07 #32
-

substituting into (2) :

b = 0. spana (1 , 0
,
8) = &10 , 8

, 0)
, (1 ,

0
,

0) , (2 , 0 , 833
- Therefore ,

v
,

= (0, 0) and Ve = (0,8).
-

By theorem 1 . 45
,

V = V, Ve
.

3. Span (1
, 2 , 8) , 10 , -1 , 113 where there are elements in IRS

lineorem 1 . 46) - Suppose I and W are subspaces of V. 9(1
, 2

, 0) + b(0 ,
- 1 , 1

- Then U + W is a direct sum)U1W = 50] = (a , 2a
,
d) + (0 ,

- b
, b)

=

(a ,
2a - b

,
b)

Proof :

# -

suppose Fr + 211W where v 0 .

↑
see HW9 #1

Then
,
-r 21 W since both are rector spaces. H. Find the basis vectors of vector space

-

so0-V + Ev) and by fam . 1 . 46 U+ W is not V = G(x, y , z)(+ y+ z = 0
,

x , y , z - R3
↓ ↓

- Nt W

a direct sum
, 1. Understand and express the conditions.

- x+y+ z = 0

↳ -

2. solve for the free variables .

-

x =
-

y
- z

-

( , y , z) - (-

y
- z

, y , z)

3. Write the general element as a linear combination,

-

(y - z
, y , z) = ( -

y , y , d) + ( - z , 0
, z)

=

y(( , 1 , 8) + z(1 ,
0

, 1)

4 . Identify the basis vectors.

- V = Span (1 ,
1

, 8)
, (1 ,

0
, 1)

W = Span & (-1 , 1 , 0
, 0) , 10 ,0 ,

1
, 113

s
. W = (a ,bic , a) -> R4

,
a+ b = 0

,
c- a = d ↑

b(- 1 , 1 , 0 , 8)

a + b = 0 = a = -bjc d = 0 = c = d - d(0 ,0 , 1 , 1)

(aibic , d) -> ( - b , b , bid) = ( b , b , 0 , 0)+ (0 , 0 , did)
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(Theorem 2 . 6) The span is the smallest subspace containing the list of restors. (Definition) A list of rectors is linearly dependent if it is not

linearly independent. 2
find a non-trivial vector st a ,

v
, +... +amUm = 0

.

Proof :

-

Let V , . . ... Um be a list of vectors in V.

- We aim to show that span (v ,,...,
vm) is the smallest subspace Examples :

containing the list.

1 . Observe that Of span (v, , . . .,
Vm) since 1. V = 3

,
2011 , 1)

, (11 1 9 , (1 ,
0

,
113

0 = Or , +... + OVm. Linearly independent ?

2 . Suppose u,w - span(r ,,...,Vm) .
Then Jai , bit # St - a(0 ,

1
, 1) + b(1 , 1 , 0) + c (1

, 0 , 1) = 10
, 0 , 0

U = a
,
V

,
+...mVm and = b , v , +... + PmVm. (0 , 9

,a) + (b, b
, 0) + ( , 0

, c) = (0 , 0
, 0

- Then n+ W = (9 ,+ b ,V , +
..

+ cam + bm) Vm. (b+c
, a+ b

, a+ c) = (0 , 0 , 0

-

Since ai + bit # Vi
,

U+ We Span(, ..., Vm) E - Sob+ c = 0 = > c = - b
I

-

Now suppose that n-> span(, .... um) and Xt# . Then I ait #sit a+ b = 0 = a = b = C

U = a
, Vi ... am Um. a + c

= 0 = a = -

3. Observe that Xu = (a
,
V , +... + amUm) = atr , + ... +ambum.

-

a = c and a = c => a = a : a + a = 0 = a = 0.

-

Since I is a field , and t # Vi
.

- Since the field is M.

- Thus , Xu-spun (V1) ..., Vm) .
*

-

If a = 0
,

then b = 0 and c = 0 .

- Hence , Span (v ....,Vm) is a subspace .

proof by containment
Thus

, they are linearly independent

↑
- Now , let's show that it's tre smallest such subspace. you can remove redundant vectors

without changing the span
1 . Observe that each UK in our list is present in the Span (v

, , ...,Vm) (emma G . 19) Linear Dependence Lemma ↑
↓ reduce lin . dep set - lin .

ind

since UK = Ov , + Ora +... UK+... + OVm
-

Suppose V
, ..., Um is a linearly dependent list in V

,
then

↓
2. Every subspace that contains EV , ....,

Vm3 must contain -ke El, 2 , ..., m3 S .t finite dimensional

the span (V , , . . ., Vm) because it must contain all linear combinations Vie Span (v
, ..., Vk-1).

due to closure of addition and scalar multiplication. - Furthermore ,
if K satisfies the condition above and the kth

- Thus , span (V, , . . ., Vm) is the smallest subspace containing the list .
W term is removed , then the span of the remaining list is

the same.

span (v, , ...,Vm) = Span (w, . . ., Vari , Vkti .- · Um

(corollary 2 . 6 * ) Any subspace containing Ev , .... Nm3 must contain

Span(V, ..., Vm)
.

Examples :

(Definition) If span(v, ...,
vm) = V then we say

"V
, ...,

Um Span V". 1. V = R3 Elli)) , 1219, 2)
,

19 ,
9

, 073
v , v2 V3

- China) -> Span (1 , 1 , 17

(Definition) A vector space is finite dimensional if is has a

finite spanning set.

a
.

V = R39(1
, 0

,0) , 201 ,8) , (1 ,
1 , 0

VI Vz V3
(Definition) A vector space is infinite dimensional if it's not finite dimensional.

- Clilio) E Span (6 , 0 , 0) , (0 , 10)

(Definition) A list V , . . . ., Umin V is linearly independent if

a , V , +... + amUm = 0 = a , =... : am = 0.

Vote : The empty list is considered linearly independent.

-

if the only solution to av
,
+... + amVm = O is

a, =
... am = O
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Lemma 2 . 19 Proof : Constructive (Theorem 2.25) Every subspace of a finite dimensional vector space is

- Because v
, , ..., Um is lin . dep, Ja

, ..., am - IF
,

not all zero Set finite-dimensional (it has a finite spanning set).

a , v ,
+.

..
+ amVm = 8.

-Let K be the largest element in E1 , ...,
m3 such that ak - 0. Proof :

=> a , V
,

+
... 9kVk = 0

- Suppose V is finite dimensional andI is a subspace.

Vk = a , v , +... + ak-Vk - 1
=(a , 0 +... + ak- Vk+ ) * I has a linearly independent spanning list. (basis

- ak
-

Since HEV
,

that list in his linearly independent in V.

-

By the replacement theorem ,
its size is smaller than the spanning set of V.

Lemma 2 . 19 Proof : Contrapositive - NO K => linearly independent

- suppose # K S .t Ve Spaner, , ..., UK-1) for a list of Ev
, ...,

Umb.
we can create new basis elements by taking

-

Now consider a set [ai3e #S .t Section GB
:

< linear combinations of existing ones , maintaining LI.

a, V
,

+... + amVm = 0. non-redundant sufficient
q e

- If all ai = 0
, we're done. (Definition) A basis is a linearly independent spanning set of a space.

- Thus
, suppose Jai * 0.

-Let k be the largest element in E1 , ...,
m3 such that ak - 0.

-
criterion for basis

=> a , V
,

+
... 9kVk = 0 (Theorem 3 .28) A list v

, , ... Un of vectors in V is a basis ,
if and

Vk = a , v , +... + ak-Vk - 1
=(a , 0 +... + ak- Vk+ ) * only if every v EV can be written in the form

- k
2.29 v = a

,
V

, +... + an Un -> spanning

Replacement Theorem fundamental ingredients< complete set of ingredients for a unique choice of Ea, .... an 3 c #.

↑
↓ can make any recipe ↓

(Theorem 2 . 22) length of linearly independent list= length of spanning list linear independence 8 = Ov
,
+... + Orm

Y -

a-generates/spans V
, span(a) = V

,
la) = n- Spanning list could be Proof :

lemma 2 .19 proved linearly dependent.

we can shrink a
-

L-linearly independent , 121 = m - linearly independent list => If V1,..., Im is a basis
, then every ver has a unique representation.

spanning set into a

might not span
linearly independent set. 1) men - Let v

, , ..., Un be a basis of V.

2) JH = G , s .t LUH spans V. - Let V E V .

↑ by definition

span(LUH) = V
, (H) = n - m - Since the basis spans V

, then I Ea , , ...,an3c#S.t

Proof :
v = a ,

v , +... + anUn (1)

- Suppose G = EW , , . . .. Wn] spans V.
-Since free restors are linearly independent , suppose that

Suppose L = EV, ...,
Vm3 is a linearly independent list in V. 9 ,V , t... + ann = b

,
V

,
+... An un

We want to prove that men . -

subtracting the two equations gives

2
. Add u

, to get EU , 25, .. .

,
wn] (9 ,

- b(V1 +... + Can-bn) = 0 .

- This list is linearly dependent (since a spans V and n
,
- V)

-

By linear independence ,
all the coefficients must be zero :

-

Some vector is a linear combination of the previous ones. a
,

- bi = 8, ..., an-brig

Note that it's not u (it's first and u. 0- linearly independent
-

Hence di
: bi for all :

, proving the uniqueness of the representation.

- Thus
, it's one of the Wis

. By the linear dependence Comma , we can
7 If every ver can be written uniquely as v = a

, Vit ...
+ antn ,

then V
...... Un is a basis.

remove it while maintaing span.
- Let EV , , ..., Vmz -> V St for any veV

, we have

3. For each UK (K =2 to m): v = a ,V , +... + anVn

- Add Uis after U
, ..., UK- ,

such that we have for a unique choice of Ea
, , ...,

and

Eu
, . . ., 41 , 47 ,

W
, . .

.,
nn3

- The hypothesis states that every rector ver can be expressed in the form

-

Note that we can't remove any Us for IEK (they're linearly independent) v = a,
V , +... + anvn . By definition ,

the list v
, ..., Un spans V.

-

So,
,
remove another w , while maintaining span.

- Assume , for the sake of contradiction
,

that the list is not linearly idependent.

4. Afterm steps : Then , there exists a nontrivial relation

- Added on us. 9, V ,
+... + anUn = 0

-

Removed m ur's
.

where not all as are zero.

-To have enough wis to remove , we would need n = m.
- Notice that the zero vector can be trivially represented as :

- Therefore
,
m1n. 0 : 8

, +... + OVn

-

By the hypothesis of unique representation ,
these two representations must be identical.

- Therefore
, we have a. = 0, ...,

an = 0 , contracticting the assumption that not all

di are zero. Thus
, the list must be linearly independent.

-

Since the list V , ..., Un spans V and is linearly independent ,
it is a basis for V.
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every spanning list contains a basis

(Theorem 2 .30) Every spanning list in a vector space can be reduced Sineorem 2 .33) suppose V is finite-dimensional and U is a subspace

to a basis of a vector space. of V . Then , there exists a subspace W of V S . t

V = u0W .

Proof : Proof :

- Let V be a vector space.
- Let V be a finite-dimensional Vector space.

- Let S = EV , , ..., Un3 be a spanning set .

-

Let 21 - V
.

Thus
, 21 has a basis

1. If s is linearly independent ,
it's a basis and we're done. B= EU , . .., 43.

2. So assume it's linearly dependent.
-

observe that B is linearly independent in V.

-

By Meorem 2.32 ,
i can be extended to a

basis of V s .t

Bu = Gui
, ...,

Mi
,
Wil ...

Work
-

Define W =

Span(Ew, . ... Wn-13)
-

Now , let's show HOW = V.

(Theorem 2 .31) Every finite dimensional vector space has a basis
.

- First
, show 21 W = 503 :

-

suppose v -> 211 W
.

Then I Ea
, ...,

and and Eb, ...., bab Sit

Proof : V = a ,y ,
+

... + 91Uk

- Let V be a finite dimensional vector space. V = b ,W , +.
..

+ bn - k + Wn- k

-

Observe that V is a finite dimensional subspace of V since
-

subtracting :

VEV . 8 = (9
,

- b
,) (2, W) . . . (ak-bn- k) (211 - Wn-k)

-

Then , by theorem 2 .25
,

it has a finite spanning set.
-

Since Bu forms a basis of v
,

we must conclude ai = bi = 0 Fi.

~

By theorem 2. 50
,

it has a finite basis . 8 Thus, V = 0.

- Now
, snow that FveV

,
v = u+ w , ne 21

, neW .

-

suppose v -> V
.

Sineorem 2 .52) Every linearly independent list of vectors in a finite
- Since Bu is a basis of v

. Jai such that

dimensional vector space can be extended to a basis. V = a , 2 , +... + akUk + di+, Wi + anWn-1
--

u = u we W

Proof : Define n = a ,u,+
..

+ akk - I.

- Let 2 = EM, ...,Mk] be a linearly independent W = 9k+ 1 W ,
+

. ..
+ anWork

-> W.

list in a vector space V.
- so HOW = V

.
W

-

If span(u) V
,

then JVtV s .t vspan(u).
-

Define U
,

= 11 VEv3

- If span (21)= V
,

we're done. (Theorem n.34) Any two bases of a finite-dimensional vector space

If not
, repeat by finding VE SpanEu3. have the same length.

-

This will terminate because V is finite dimensional.

-

By Theorem 2.31
,

V has a basis of length n .
This is a spanning set. Proof :

-

By Theorem 2. 82
,

this process terminates in at most n-K steps -Let V be a finite dimensional restor space.

because it's linearly independent and at least n-K steps because it's
- Let B

, Be be two bases of V.

a spanning list.
-

Then
,
B , is a linearly independent list and Ba is a

- Hence , it terminates in n-k steps and produces a set spanning list.

Er, ... , Uk
,
V
, ...,

Vn-k3
-

By meorem G .22
,

1B , 1 = IBal .

which is linearly independent and spanning.
-

Because B
,

is spanning and Ba is linearly independent ,
13. 1 = /B21 .

-

Thus /B , ) = IBal ·
8

-
so any linearly independent list of basis length is itself a basis.

(corollary) All basis of a finite dimensional Vector space V are the

same length.

Proof :

-

Afinite dimensional Vector space has a basis ofsay , length n.

-

Any other basis is a spanning set and (in . independent.
- By turn , 2 . 62 , it has to be lengtun . W
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Dimension : (Theorem 2 . 43) If V, and Va are subspaces of a finite dimensional

Vector space V , then

(Definition) The dimension of a finite dimensional rector space is the length of any basis. dim (V,+ V2) = dimsvil + dim(Va)- dim (V , 1V2)

The dimension of a finite dimensional vector space is denoted as dim (V) . Proof :

-Let Ev,
, ...,

um3 be a basis of V
, eva.

- This is linearly independent in V , and so it can be extended to

lineorem G .37) If V is a finite dimensional vector space and I is a subspace ,
then a basis in V. . Similarly ,

this is true in U2
.

dim (21) [dim (v) - V : Ev , ....
Um

,
H
, ...,

up]

Proof :
- Va : EV, ...,

Vm
,
w , . . .,

we]

-Let V be a finite dimensional vector space.
-

dim(V ,
+ (2) = k+ e - m

-

Leta be a subspace of V. - For any v => V
,
+V :

-

Let B be a basis of 21. V = (9 ,
V , + ..+ amUmami +... am+ Uk] +

This is a linearly independent list in V. (b
,
V

, +.
..

+ bmUm+ bm Wit ... Dm+e We
-

By Theorem 2
.39

, B can be extended to a basis in V. = (a , + b
,)v ,

+
... (am +bm)Um+ 9 m+, + am+Y

-

By definition of dimension
,

it follows that dim (2) =dim (v). *
-

Dma W
, + ... Dm+ We

=> dim (V+ (2) = M+ k+1

- dim(V ,) = m+K

Cineorem 2 .38) Suppose V is a finite dimensional vectur space. Then every
- dim(Va) = m+ b

linearly independent set of vectors of length dim (v) is a basis.
- dim (V , 1V2) = M

(Proof
-

Therefore,

-

suppose dim (v) = n and let EV, ... Unz be a lie . ind
.

list in V. dim (Vi+ 12) = dims, ) + dim(V2)-dimSV, 12)
- This list can extend to a basis by Theorem 2 .52.

-

By definition of dimension
,

it must be length n
,

so the extension adds visulization : 8
g

- stretch ,
rotate , skew

no elements. * Chapter 3 : Linear Maps
- grid lines remain straight3 parallel

L(V)
- origin remains fixed

↑
(Definition) A linear transformation is a map from one vector space to another

(ineorem 2.39) Given a subspace U of finite dimensional Vector space over a field # that preserves vector addition and scalar multiplication.

with dims2) = dim (v)
,

then U = U. -Given vector spaces V and W
,

a linear transformation T : V-W satisfies :

↓
inV in W

- Additive : T(HV) : Th +

*
TV Fu

,
v ev

-

Homogeneity
: TCtv)= -STv) Ute F

,
Fr ev

N( ↑
in winV(Theorem 2.42) suppose V is finite dimensional. Every spanning list of

length dim(v) is a basis. In combination : T(qu+ Bv) = <Tc) + BTC)
Proof :

-

suppose S is a spanning set of length dim(V).

-

A spanning set can be reduced to a basis. Examples :

-

Since all bases are length dim (v) , reducing S to a basis

cannot remove any elements. F 1. T : R3 - 303

eg
: T (1 , 2

, 3) -> (0 , 0 , 0)

Linear Map ?

1
.

T(u+ r) = 0 Y ~ 2 . T( +v) = g

3 -T()+ T(r) = 8 +8 = 0 t . T() = + . 0 = 0

2. T : P2- Pr

T(a)(+ bx+ c) = (3+ mx2 + bx+ C

Linear Map ? #

1 . T((ax2+ barch+ (ax*+ Ex+ 5)) = 23+ (a+(2+ (b+bx+ (+ 5)

T(a+ bitc) +T(+ 5x+2) = (2+ G+yx+ + c+my+ 5x+

= 23+ (a+ a)x+ (b+b)x + (+ T)
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create a linear combination using the transformed
↑

3. T : P2- P3 Matrix-Vector Multiplication
basis vectors (which are the matrix columns)

. &

T(ax+ bx +c) = ax3 + bx2+ (

Linear Map ? ~ - When you have a matrix A that represents a linear transformation
T

,

1. T((axEbx+ c) + (at+ 5x+5)) = (a+)(3 + (b+5)(i+ (c+i)x each column of the matrix shows where a standard basis Vector gets

T(ax"+ bx+ c) + T(2+ =x+ c) = (a+(2)+ (b+ 5)x+ (+5)x mapped under the transformation.

2. T(x(ax+ yx + c)) = a + x3+ b+x+ c +x V

f(T(ax2+ xx+c) = x(ax3+bx+x) =
a+x3 + bx3 + xx -so if we have :

- Matrix A = [a, az ... an] where each at is a column vector.

-

Vector x = [x
, xz ... n]T

(Definition) The set of all linear maps from V to W is denoted as 2(V
,
r).

-

Then the matrix-vector product Ax is :I
The set of all linear maps from V to itself is denoted as I (v). Ax = x , a ,

+ xzdz +... + nan

- This is just the linear combination of the columns of A , using the

components of i as the coefficients,

Coordinate Representations

I
(Definition) LetB be a basis for a finite dimensional restor space V.

]= y( =[
A rector is -V has a unique expression :

x = a , V , +... + anVn .

Then , the coordinate rector ciscalwith respect to Example : T : R*
= R3 - T(51

, 0
,
1

,
-1) =?

[]B

VI(9) < consequences
a V -

T(( , 2
,

3
, 4) = (5

, 6
,
7)

- All ridim rector spaces can be represented as in -

T(,09, 8) = (2,
3

,
1)

O

V4
IV3

There exist transformations (matrices) that map I basis to another.
- T(1 , b

,
7

, 2) = (7 ,
8

,
6)

-

Matrices have an identity and inverses.
-

T(0
, 0

, 0
,

1) = 19 , 1
, 1)

standard ugly standard
↓ ↓ ↓

3
-Ri ·: (v) = uS(V)

EX : Po we only know nowi works on specific vectors.

- B = 2x3
,
x2 , 2

,
13 1. Define S : R" -> RY

-

p
= 3x+ 7x + 9 + 43 = 23 = (

- S(0 , 0
, 0=-

-

17
- B' = Ex5

, 25=, x- 113 - S(0 , 7
,
8 ,

0) = JV + Ev + V3+ 8V4

- 5 = Okien) + 3( x) + 104+ 1) + 19 =) 253B' = ( - S10 , 0 , 1
,
0) =v-rv-V

= 3x2+ 7x + 9 - S(0 ,
0

,
8

, 1) =

Unt

↳
Linear Transformations as Matrices M(s) = -50

1 -20
L

- For T : /R"-IRM
,

the transformation can be represented as

-=0 -

a muxn matrix. transform the standard basis of IRh

L(V) = F ·

2
.

Define 21 : R3-R3

-

u(5 ,
6

,
7)

- record of where the basis vectors go.

Example : T : P3- Ps S .t ↓ - from here , we know where every
- U(2 ,3 , 1)

B BI vector goes.
x x= 1

Y

-

u(7, 8
, 6)

- T(3) = x3- x2

&
3

I
1 08 go

I
O

- TG(2) = x2 - x 100

- T(x) = x - 1
=> - 170

- T() = 1 100 - 11
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Vector Representation : Notation Null Space Dimensionality

- Let v = (1 , 2
,3) 1. Zero-Dimensional Null space

- inen v + R3
,

13
, Rnzu ,

P
,
⑮3 - Injective (one-to-one) transformation.

-

No non-zero vectors map to zero.

- Let w = [] - Full rank transformation.
3D

aD

↑
- Then w

-> W : B= W
, We , was 1 vector-line ---

A ↓
w = w , + 2 Wat3ws 2. One-Dimensional Null space line collapses

- A line of vectors maps to zero.

->
coordinate transformation -

Reduces 3D-2D
.

3D
1D

Change of Basis 2in . independent vectors forms a plane* ↑
so it can convert y ↓

ANY vector 3. Two-Dimensional Null Space plane collapses

Standard basis -> New Basis ↑
- A place of vectors maps to zero.

expressed in standard

- change of basis matrix P : coordinates -

3D - 1D
↑

-

Has basis Vectors of space new basis as its columns.

B(A) = 591 ,
92
, ..., an3

-number of linearly independent rows/columns in a matrix

↑ change of basis matrix

Rank - Nullity Theorem

PA = (am ... a & -> transition matrix "The dimension of the null space↓ coordinate transformation matrix
- For a linear transformation T : V = W

.

- T = Px - A ANDA
= Piv - dim(v) = rank (i) + nullity (T)

Between Non-standard Bases

-

Let pa be the matrix from [e] [in]
- [x]e = Pa(]A

-

Let Pi be the matrix from [e] [ii]
-

[x]e = PB[T]B

-

Then, Pa
PiA

A- B : PiPA(x]x
A <

B

L Ba : PP6]B

Null space

(Definition) The null space is the set of all vectors that map to the

zero vector. For a linear transformation T : V= W,

Null(i) = Ev -> V
,

Ts) = 0 3

(ii)(j) = ( *)
I

3(+ 3y
= 0

+4y
= S

Sy = 0 = y
= 0 nu(m) = 5(8)}3

3x = 8 = x= 8
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(theorem 3
. 4) Linear Map Lemma Note

:

It so happens that the space of linear maps 2 (V
,W)

- Suppose v , , ..., Un is a basis of V and wi, ... Won is itself a restor space. a = Ea, a , ....
hmb =V

↓
-> W

.
Then , 7 ! linear map i : -W sit vector spaces

TVK = Wi for each K = /, .. ., n.

↓
unique translation such that v - W,

Va -wz
(Proof) :

: (Definition) suppose 5
,T + 2 (V ,W)and 1- IF

.

7 .
Existence Example : 1) = Ev,+ 3ve+ 4vg-> zW

,
+ 302 + 4wz The sum StT and the product 1T are linear

-

Let < + V be an arbitrary vector . Since Ev
, ...,

Un] is a pasis of maps from V to W.

V, = CV ,
+ ... Carn Vie #

. 1 . (S+i) (v) = S(r) + T(V)

-

Define a map T : V = W such that : 2. (AT) (v) = < [T(U)]

T() = C,W , +...+ CnWn .

- Let's prove linearity. TCutv) = Tcul + T<V) 3 TCCV) = c T(V) Proof :

- If UV -V then u
= a ,V , +... t anUn and V = <V ,

+
..-

+ Carn , then 1
.

WiS : (S+T) (xn+ Bv) = <(s+i)m) + B(s+T)(v)

T(H+ V) = T[(a+ c) Vi +... + Cante)Un]

= (a,+ c)w ,
+

. .. + (an+(n)vn
- (S+i)((u+ Bv) = g(n+ Bu) + T(xu+ Bv) (definition of S+ T)

=

(a ,w ,
+ ... anWn) + (a,W , t...+ CnWn)

=

<g(u)+ BS(V) + CT(u) + BTC) Clinearity of 53 i)

= T (H) + T(V) = <(S(u)+T()] + B[S(v) + T(v)]

=

<(g+T)(m) + B(s+T)(v) (definition of s+ i)
-

Similarly , if - -> # and V = C , V
,
+... + CrVn

,
then

- Thus StT is linear .

T(v) = T[x(CIV , + ...
+ cnVn)]

= T( +V+... + x(nUn) 2 .
WiS : (i) (an+ Bu) = a(xi)()+ B(T)(v)

= XC,W , +.. -
+ XenWn

= x T(H) - (AT) (UtBV) = A[T([U+ BV)] (definition of ETcUl
- Thus , T is a linear map from V to W. = x[XT(U)+ BTCV)] Clinearity of it

= xXT(z) + B7T(v)
2

. Uniqueness
= x(ti)(u) + B(xT)(u)

-

suppose T : V - W such that i'sVi) = WK for each K.
-

Thus It is linear .

- Let 1)
-> V Sit < = C ,Vi + ... Curr

- Then
,

T() = TCCV ,
+... + CnVn) = ci Wit ...

+ CnWn = TG) these operations are performed on the output of the maps.
↑

- Hence T =
T

. (ineorem 3
. 6) Using addition and multiplication,

& (V
,
W) is a

vector space .

-

Thus , 7 ! linear map T : VW satisfying T(VK) = WK

for each k = 1, . . .
n

(Definition) If If 2 (M , v) and Se 2 (V
, W)

,
then the product

ST-2 (M
, W) is defined by

(ST) (2) = 5(Tz)

for all at I.
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sproperties of the Products of Linear Maps

⑦ Associativity :

TITaTz = (TiTz)Tz = T
, CTgT3)

② Identity Map : I - & (*, *)

if T - 2 (V , Wh It & (Win)

TI = IT = T
↓

It fr(V ,V)

③ Distributivity :

(S
,
+ Sa)T = S

,
T + SaT 9,,Sat 2(V, W)

i + 2(u ,V)
R(S ,

+ Sa) = RS ,
+ RS2 Rt2(N ,

X)

TED-

(ineorem 3
.1) Suppose T is a linear map from V to W

.
Then,

T(0) = 0 .

↓of Ou

(Proof)

-

LetT - 2 (V ,W) and Over .
-

By additivity:

T (Ov) = TCOr+ Or) = T(Ol+ T(Or)
additive ↑

identity ofr additivity

- So
,

T+(or) = TCO r) +T+r)
Ow = TCOr)

null(i) is a subset of

ExSuppose D-2(PC) where D is the differential operator ·

Pp = pl

D(3x+ 2x + x + 2) = 92+ 4x + 1

Q : What is the null space
? -(-

All the constants
.

Q: What is a matrix representation of D ?

pt P3 p(x) = ax+ bx2+ (x + d

vector : (i)


