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August 22
, Friday Chapter 2

Chapter 1 - Preliminaries Industion

- A = E - )a
, b + 2

,
670] Prove :

-

B = Ga + R
,

be N3
-

Prove A = B
. proof :

Proof :

- p(1) holds since

t
-

A2B
-

suppose P(n) holds sit
M

& 1
-

- Let x + A
, 2-

k= /
· Then x = t for some a,be te with bt 0.

- If b > 0
,

bEN
, soc - B.

- Now , show Pluti) holds sit

-

If b 10
,

then let 1 = =
.

=+2

k= 1
-

Now-a- F and -b30 and-be E so

- at & and-beN so <-B
.

- Notice that Pln+i=Put a- This shows AEB
,

~n+
+ ain+

- BCA

- Let y + B
.

= I(n+ 2
i

~ Then y
: withaand be N .

-

Since beIN ,
be E and b 0 so ye A

-

so BEA. Prove that for n23
,

2" < n + 4.

- Therefore A = B
.

1

Proofi

domain codomain
- P(3) holds since 23> 3 + 4 .↑ ↑

function : f : A- B is a function from A to B

if for
any a + A

,
7 ! b - B such

that f(al = b.

Prove that An e N
,

9/10"
+ 3 . 10 + 5

.

- everyone gets a letter

onto : f : * - B is onto if Im(f) = B Proof :

ex : fall = >3 When f : MER3 is onto -
- P(1) holds since 102+ 3 . 10 + 5 = 133

but not when +:# - # because and 9/135 .

f(x) = a doesn't work .

- Now
, suppose P(K) holds UK = 1 S . t .

9) 10k+ + 3 . 10" + 5 . 135
~ no one gets two letters ~ Now , show PSK+ 1) holds s .t : 1303 = (15) (10) - 43

one-to-one : f : AEB is 1-1 if whenever 9) 10k+ 2

+ 3 . 18k +1
+ 513005 = (130s)(10) 45

f(u) = f(b) <=> a = b
.

- Notice that P(K+ ) = P (K) . 10 - 45

= (10k+
+ 3 . 10k +5) . 10 - 45

* everyone gets exactly one letter =a+3.
+ 90-

bijection : f : A- B is bijective iff is + integer by IH

and on to
- Thus al 18k

+ 2

+ 3 . 10*
+ 5

. B

A relation on a set A is a subset of
AXA

.

A relation "from" A to B is a subset

of Ax B
.
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Forn t N and any a ,
b +R ,

Division Algorithm
thm :

(a+b) = (n)akbu -
For any integers a and b with b30

, there exist

unique integers & (quotient) and r cremainder) such that :

neededProof : a = by + where or < b ->
for uniqueness

↓
-

P(1) holds since LHS : (a +b) = a+ b remark : if rab, you can still divide

Ris :G (i) ab + (1) an - If a ,
b + #,b + 0

, then the statement

= b+ a = a+ b ,
holds if you writeoF r < 1b1.

-

Suppose P(n) holds On > 1 S .t

(a+b)= (i) al yn
- 1

proof : smallest counterexamplet
- Now

,
let's show Plutil holds sit

-

Let S = a-bg + * /g + & and a - by = 03
(a+b)n

+1 (aky -

claim : S + 0
- case 1 : 910

,
set g

= 0

- Notice that a- b . 0 = at S.

(a+b(n+ 1
= (a + b)(a+ b)n -

casea : a < 0
, set g

: a
n

= (a+ b) & (i) anyn-k a - b. a = a(l- b)
↓

-a + bayn
- 1

since a <0 and $30
, 1-b 0 :.

a(l - b) = 0 => a- ba + S

(n)aby By I
- the WOP s has a smallest element .

-

thenr= a- by so a= bg+r
·

- We need to show r<b · Suppose FISOC that r = b
.

-

-

Then r-b = 0 = (a- bq) - b =0

=
a - b(q+ 1) = 0

- This shows that r-b E S and r-b < r .

* isna
element of

S
- Therefore r < b so Gr < b

.

proof : uniqueness
- suppose g , g' and r

, r' are such that

a = by+r = by+r

-

Assume r= r.

-

inen
,

bq- by = r -

r

b(q-q) = w - r

- LHS : multiple of b

-

RHS : 0 I r = rLb Since

0 [rLb and Otr'Lb

=> LHS = RHS = G

=> w= r and g
= g' since blg-g'1=0 and b30.
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Euclidean Algorithma Bezout's Identity
thm :

- Let a ,
b be positive integers such that a = b .

-

Let a and b b2 integers with god (a ,b) = d . a= 12 ,
b = 15

-

Either bla
,

so a = by + 0 for some
o

t #, or
- Then there exist integers and y such that

↳
linear disphantine yact by

there exists gr , g2 , ..., que , " ,
r2
, . . ., in such ax + by = d. equation

that
- Moreover

, the integers of the form az+ bt I O 12

a = bq, + r , with 0 L v
, < are exactly the multiples of d. -

_

-
-

b = r
, q2 + Ve with 0 <

ry < r :
- 11 3

ri = r2g3 + -3 with Of r31va proof :

allows us to

- 22 b

- consider
,

use wop
- 3 3 9

-> g(d(a,b) ↑
: : :: S = Eax+ by K , y + &

,
ax+ by > 03

-

Note that6 **.

-ro
= 3

- WLOG , suppose ato

- Then gcd(a , b) = In
- 11 : If a 0 , set c= 1 and y

: 0

=> a(l) + b(s) = as + S
.

proof : termination -case a : If a < 0 , set i= -1 and y
: 8

- Notice that the sequence of remainders => a ( 1) + b(o) = - 930tS
.

Er, r2 , ra , ... 3 E N and is decreasing.
-

By WOP , s has a smallest element d.

-

By the WOP
, it terminates say atn =

-

claim : a =g(d(a ,b)

for some finite n.
-

Notice that d= as tbt for some integers sit .

-

Claim : ala

proof :

gcd(a,b) = in -1 (last non-zero remainder -

suppose FTJOC that dta . Then

-

We need to show that Un-,
is a common divisor of a and a

= dytr with OLrcd

b
,

and the greatest such.
-

substituting
- Let's show it's a common divisor. a = (as+ bt)q + r

- From Unta = ru+ 1 In + O
,

we get rn- , lunta r =

a -(asq + btq)
-

From Untz = Un + 2 qn-1 + r , we get rn-1 /unt since = a(l- (g) + b)- +q)

until Unta and until unt.
- Notice that res and w<d = min(s) *

-working backwards : Un-, Ir , and Un-, 1b .
-

so da

- From a = ba , tr
: Un-, 19 .

-

conversely , a lb .

Therefore Un-19 and rn- , /b ,
- Thus d19 and dlb .

- Now let's show it's the greatest such divisor ,

- Now
, Wis d is the greatest common divisor of a and b.

- Notice that we can write every number in the algorith as a

- Let c -N be st cla and Clb.

linear combination of a and b.
- Since cla and clb , clatby Ey + &

-

a = bq ,i )
=> r ,

= a- bq) = a - ( ,)b
- In particular , clas+ bt => c (d => c = d

.

- D = r, 92 + Vz = Va = b-rige= b-Ca-byilga
- Thus

,
d = ged(a ,b)

.
I

=
-

ga - a + (1 + q , galb
-

In general , ri
= s . a + t b for same integersit.

-

Since Un-1 = sa + tb and any common divisor of a

andb must divide all linear combinations of a and by

for allsommen divisors d of a and b

alvn - = dErn- 1 .

-

Thus geaca, b) = Un- . I
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Extended Euclidean Algorithm Fundamental Theorem of Arithmetic

-

given : two integers a and b with a= b30 .
- Let nI be an integer.

-

goal : find integersrand s such that :
-

Thenn can be factured as a product of primes in

gca(a,b) = ra + sb a unique way up to ordering.

find gca(234 , 165) and integers vis such that Proof : existence

g(d (234 , 165) = r . 934 + 5 - 165
.

- P(2) holds since 2 = 2 .

-

Suppose P(k) holds UK / &EKEn
.

⑦ forward cuclidean division , recording reminder
- Now , show K+ 1 can be factored as a product

- 234 = 169 . 1 + 69 => 69 = 234-165 of primes.
-

165 = 69 - 2 + 27 = 27 = 165 - 2 . 69 -1 : n + 1 is prime
-

69 = 27 . 9 + 15 => 15 = 69-7 . 27 - Then n + 1 :
n+ 1

,

-

27 = 15 . 1 + 12 => 12 = 27 - 15 -e2 :
n + 1 is not prime .

- 1S = 12 . 1 + 3 => 3 = 15-12 - Then Ja
,
&1 21 Ebn and n+ l = ab·

-

12 = 3 -

4 + 8
-

Then , the strong IH tells us that a and b can

result : g(d (234 , 16s) = 3 be factored as a product of primes ,
so ntt is

factored as a product of primes. 1

② back-substitution

- 3 = 15-12 proof : uniqueness
= 15-(27-15) - suppose we have two fusturizations of :
= 2. 15 - 27 P , P2 ... pr

=

g , g2 ... 9)
= h(69- 2 . 27) - 27 where p, p2, ..., pr , 9 , 921 ..., gs and WLOU

= 2 . 69 - 5. 27 suppose r = S.

= 2 : 69 - 5(165-2-69) - WTS : r= S and pl
= 9, ..., gr

= gs -

= 12. 69 - 5 . 165 - p , 19 , 92 ... gs
=> p , 19 , or pil(gegs ... gs)

= 12(254- 1657 - 5 - 165 =>
pilg , or g , 192 1 p , 19293 --ge

= 1 . 234-17 . 165 =...

3 = 12 . 434 + 7177163
=> Pila , a polye or pilgy or

... p , 18 ,
- After relabling , p , lg ,

- Since pl , g , are primes, integer

Enclid's remma pi
= q get athm: If p is prime and plab then pla or plb .

-

PP2 ... pr
= Age .. as

proof Ph ... pr =

gz ... 95 .

- suppose pta . Then gacap) = / -

similarly , Pa = &n latter relabling),
~

Wis : plb .
-ks.t pk = b . then ps ... pr

=

g . ... gr
- By Bezout: identity , Ey # sit =>

P3 = ge
an + py = 1 (1)

-

Multiplying (i) by b : pr
=

gr
b(ax +py) = b and 1 : gr+ 1 gre ... as

=> (ab)x + p(by) = b (2) which is not possible unless the RAS is the empty
~ since plab Id sit pd = ab . () product , so s = r . D

-

substituting (3) into (2)

p(dx) + p(by) = b

= p(dx+ by) = b

=> pld .

B
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definition : binary operation Dg = Gid , e
, 22

, MA , MB , Mc3 o Dn : n = # of sides

- * is a binary operation on a set if for any the dihedral group of order * Dan : an : # of symmetries
a , b + S , a * bt S. ID3) = 6

composition
↓

O id e e2 Ma MB Mc
smallest

definition :

group id id e et MA MB Mu non-commutative

- A set a together with a binary operation * forms E e e2 id Mc Ma MB L group

a group (a , *) if the following are satisfied. e
2 et id t MB Mc MA

0. a , bea
,

then a be a closed Ma MAMB Mc id e 22

1 .
a ,

b
, c +G

, the (a* b* C = a* (b* ) associativity Mis Mis Mc MA 22 id e

2 .
Set G St e * g

:

g * e = gFgtG identity Mc Mc MA MB
C er id

3. Int a stg* h = U*y
= e Fgth inverses

Sn =

group of permutations of n elements

example
: a = (

0

,
+ mod 6) ↳ isomorphic : behaves the same

- DzE Sg

+ 012345 - D4S4
S 01234S

BY
lay I r = rotations

Table
1 23450 & s = reflections

· ru = e

2234 so Dn
=

group of isometries of a regular n-gon.
· g2 = e

334501 · sus = rg

4 450123

so 1234 D4

#A I"
ihm :

e

- a has an inverse mod n if god(a ,n) = 1. -I
proof : ( < =)

-

By Bezout Ja
, y +& sit mistry = 1

. I sI
-

Then an =I mod n
, so i is the inverse of a mean . 3

Mis Mi
proof : (=)

-

Suppose gcd(a , n) = 1 .

- Then - d S . t da and al. How
many elements does An have ?

·n
-1

1
-

danthy so axt1mod n. D
& 3

↳
M

2 &
M

& & > E &

I 2 1
definition : isometry digon! or
- An isometry is a transformation that preserves distances

-i

⑰ ·
H- 1

2

①
1. : n possibilities ↳ &↳↳ n 1

& · L
a : 2 possilities

A i
fixed

t : Inl = ant rotationsinreleton donse
even

fact : (rotation)(reflection) = reflection [sr"= r5 = r']

r
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↑ every row and column

are complete
thm : unique identity proposition 3 .

6 :

- Let a be a group .

- Let a be a group and a,
b -> G.

-

It's identity is unique.
-

Then an = b and cla = b have unique solutions.

proof :

proof: - solve al = b
.

~

Suppose e
, 182 are identifies of a (a ! a)x= a b

-

Wis : e
,

= eg. x = a b .

-

Ag + 9
, ge

:

eg
= g .

-

solve >a = b. .

- Since e , is an identity ente : ea. x(a - a) = b -a

- since ea is an identity e
, ee = e , x = b . c
-

- Thus , e= C , te : 2 = e
,

= ea . 1
-

ab + b . a
+

B

thm : unique inverse

-

a is a group .
Let ge a . The inverse of g , g" is unique. proposition

:

proof : - Let a be a group and a ,
b , 2 + a.

-

suppose ab are inverses of g.
-

Then ,

ba = ca = b = c
-

right-cancellation
- WiS :

a = b

-

Then ,
and

↓
left-cancellation

ag = ya = e() ab = ac => b =

and
, bg =

gb = e (2) proof :

-

Multiplying 4) by b:
-

Suppose ba : ca
.

Then,

lagb = eb b(a .a) = c(a-a)

a(gb) = b (3) [associativity] b = 0.

-

substituting (2) into (3) -

similarly for the other one .

ae = b B

a = b. D

proposition : ge
- Let a be a group . Suppose a

,
b - G .

Then , go : e

&(ab)" = b"al gl =

g On +

proof :

g?
=

g
.

g

(=3) (ab) (bia") :
a (b. b") al

= (ae)a a = 7 tr , +) What is ao ?

=
a - q - 210 = 2+ 2+ 2+ 2+

...

= 20
.

= f

(= ) (bai)(ab) = b "(a' a)b

= b " (eb)

= b" b

= 8.

B
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-

thm 3 . 8 : exponent rules apply to groups definition : subgroup a < a ↳ Eidz = G

- Let g , M -> a
- HEG if

1) gigu = gatn fmin - 1)H is a subset of a

2) (gryn = gun &min - & 2) I is a group with the same of operation of G.

3) (ghyn = 14 g)
2

+ n + D

proof :

- if n = 0 : thm : subgroup test

gregr = gMe = gR = ghto - HEG it

-

suppose n + 0 : 1) e + H - H + 0

- If m = 0 : 2) fa ,
b + H

,
ab-H 3 ab" - H

- ggn = gn = gn
+ 0 3) Va f H

,
a t Hi

-

If m , n > O :

-

gmghg
problem :

·

Fig
=

g
m +n

- E = G(a, , .
. . ,

an) I di + E2]

m + n
-

operation :

- if m
, n

< O : (a,
, , . . .

, an) + (b , . --

,
bn) = (a+b

, mod h .. -anthnmodz)

- M proof : snow it's a group

-

grignmen = gam ⑦ closure :

- m - M
-

Let (a , 19a , ..., an) ,
(b
, ba , ...,

bn)-
- if m30 > n Or n > 0 > m : - viwis : (a,

. . .., an + (b , , .
. . ,n) + &

-

case 7 : min > O -

Let 2)
= Ca ,

+ b , mode
, ..., anba model

-

Fig
: grth ~ Notice that ai + bimod It De Vi

m +n
-

inus , + E
- case 2 : m + n <0

-

Egg-gn ② associativity
:

-

Let ca . , . .., and ,
(D, . .

.,bn)+
-

case 3 :
mm = o

~

(a, , , . .

., an) + [(b , . . ., bn) + (C , , . . .

,
(n)]

-gig
= e = go get a = (a, , . .

., an) + (bi+ p , ..., bu(u)
= [a,

+ (b ,
+ c), . . . ,

an + (bn + (n)]

- Notice the ith coordinative ai + (bi+ (i) t Ez
1)

[inherita from 22] (ai + bi) + ci

=((a
, + b

,) + 4) ... (an + bn) + (n)]

=((a1 , . . .

, an) + (b 1, - . .

,bn) + (C ,
+. .. + (n)]

⑨ identity :

- The identity is (0, ..., 0
- Let sa , ..., an) - te

(a ,
, , . . .

, an) + 90 , ..., 0) = (a, + 0, . . .,
an + 0)

= (a,
, , .

. . ,
an)

and 20 , ... 0) + Cay , ..., an) = Ca , ,..., an)
- Thus 10 , ..., 07 is the identity .

⑪ inverses
:

- Leta
, , ..., and - E

- la, ..., an) is its own inverse because

(a , ,
. . . an) + (a , , . . . , an) = (a , mode , ...,

zamodel
= (0 , ..., 01 D
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r !problem :

subgroups of2 definition : cyclic group (n = <r/r" = e] ↓
3.

4
-

A group a is cyclic if - ge a such that

Es a = <g)
/

20, 01
,
31 , 073 sho.Titl 2001

,
11 , 173

11/ thm : infinit cyclic group

50 , 03
- The subgroups of E are all of the form n

note : the only way to get subgroups of order 2 is
↑

describe the symmetry of objects that

it we have the identify and inverses thm : finite cyclic group
only have rotational symmetry

↓
works great is elements - The subgroups of Em are all of the furn n Em

.

are their own inverse

given a,as is what you get
↑ by doing the bare minimum

thm : < a) is the smallest subgroup of a containing a

problem : subgroups of smallest subgroup of(a
,
x) smallest subgroup of(6

,
+)

containinga
'

3 containing :

- [03 = E proof : E..., j , g' ,
id

, g,g" , ...
3 E... i2g , -gid , giag . ...

- Let's say H **. ~ Let a be a group and at a

- Suppose we know It H. Define <a) : = Ea" : ne3
-

By closure : 1 .
<a) is non-empty because a" = e- <a)

|+ 1 = 2 - H 2 . Consider amal = amth. Since mine ,
so is men.

2n
= 3 - + ](t+- 0 Thusa) is closed.

: 3. Consider (an)" = at
.

Since no E
,

so is -n
.

-

By inverses : - I t +

3
Thus <a) is closed under inverses .

- 1 + (1) = 2+HG7 - 83 4. From 1-3 ,
< a) is a subgroup of a

- 2+ (- 1) =
- 37 H 5. Let It be any subgroup of a with a + H. BecauseH is

i closed and has inverses
,

One E
,

we have ant H.

- By identity
:

Of H Thereforea) H
.

6
.

Since<a) is a subgroup containg a and is contained in every

proof :

subgroup that contains a , it is the smallest subgroup of

-

Hfn + H = - net
.

a containing A
.

-

Let 5 : Sh++; n> 03
- If H + [03 , by WOP I S is not empty , a relatively prime

&
-

Let n be the smallest element of S. thm : if god(an) = 1
,
En =<a > with n > a.

-

We know kntH K - D
.

[if ntH
,
nentH

- Of h becauseH is a group ,

n+Mn EH
- 0(n) = 15a + 31 , 2 , . . ., n3) ged(a ,n) = 131

:
- If n = 1 + H

, men It = E. kn = H] ↓

In
-

Let me H.

-

By the division algorithm , 7 gr s .

t.

M= quir
= v = m-

qn
= m+ (qn) fam : En is cyclic if and only if

with Oran 1) n = 1
,9.4 or

- Notice that gn - + 2) n = pk for pan odd prime and K-N or

= - qnt + 3) n = 2 pk for pan odd prime and KE I .

-

Since ME H
,

m+ Equi + H
, sor- > H

-

By the minimality of n
,

r= 0.

- so ment. definition : abelian group
- So H = nE

.

-

when a group a is commutative , we say a is an abelian group
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thm :

every cyclic group is abelian thm : order of a power

proof : - Let a be a finite cyclic group of order n.

-

Because a is cyclic , Eg+ a set - Suppose a = <g) for some g
-> a.

<g) = Egk/k - 13 = G. - Then1ga) = n *
12

= < 1) = 50 , 1 ,
2

,
3

, 4 ,
5

,
6

,
7 , 8

,
9

,
10

, 13

- Let a
,
b e a

.

↓ gcd(a,n)
·<5) = 30a!

kg* ↓
↓

- WTS : a ob = 30 a size You getasubgrouaof 111 = 168 = 12 = 12

-

a -(g) =) a = gt for some -E g(d (5112)

Bb + <g) =) b =

g for some BEA. proof :

-

Then a ob =

g
+ ogB(a = gt , b = gB]

-

We want to find the smallest 1 - It such that

->
exponent rules

I

g
A+ B

[ thm 3 . 8 item 1] apply to groups (ga)k = e

= gB
+ A

[ ,
B - E and addition is comm

.
in R] gak = e

= gBogA [ thm 3 . 8 item 1]
-

1g) : n because a = < g)
= Do 9. < gi= b

, gt = a] -

a : 50 , 9 , 92 , ... g" 3

B - ak = 0 mod d

-

Suppose gcd (a ,n) = d. Then

a = da

thm : every subgroup H of a cyclic group G is cyclic
n = dn with ged(a ,n) = 1.

proof :
-

so adk = O mod rid

- Let H = G
.

ak = O mod n'

- - ge a such a = <g> [cyclic definition] - Note: n = /ged(a , n)

- Let he H
. Then high for some kntt

.
(h + H = G] - K = 0 modn' so n'lk

.

-

Wis : H = <h) => n't K
.

- Let S : Glnt2/gint H , k > 09 dexponents - lgayn : (ga)Ygaams - gYgida - (gn)
"/gedsan

- kts => gx + H(k + Stg4+ H => (g()" = g" + H) = (gra-e = e.

-

If H = Se3 = H = <es
·

- Then In'

- If HE Ge3
,
JhtH s . t Fe .

-

So k = n .

sohegan for some knt0 .

- If Kno = n" = g
n and -kn30 so-knes . y

nz

-

If kn30 = keeS . thr:

power rule : (ab)" = ano" when a is abelian.

- Note , kn +0 since Me -

- so 5 0. proof : We'll induct on n

-

Let n be the smallest element of 5. - P(1) holds since (ab) = ab = a 'bl

-

Suppose"t H .

-

Assume P(n) holds st (ab)n = a "b".

-

By the division algorith , Jg ,-Es. E
-

Then

k = ngtr with ofran (b)
n+

= (ab)(ab)h
- we know git H => g**f H aclosure of H = (ab) (anyn)

=> gNN EH dinverses]
= (a .an) (b .b) [a is abelian]

- Then gigNa -H [closed]
=an+ 1yn+ 1

gk-ny M

gr + H
a

conjugate
-

Since Oran and r<
,

r = 0. thm : Fag -> a , gag" : a when a is abelian.

- Then K = ng proof
so gl = guy = (gr)t +<g. -Let age a . Then gag'=agg,i
- Thus # =< gn) ·

- But ghtH , so gh- H = A

- so H = <g) B
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thm : definition : permutation groups
-

suppose ge a with 1g) : n.
- Sn =

group of permutations on E7ih, ...,
n3

-

Then g" = e < => n1k. with operation "composition".

proof: -> could also use division algorithm.
~ A permutation on 57 , 2 ,..., n3 is a bijection on

- Since (g)
= n

,
< g) : Se , g , 92 , ..., gh] u = 21 , 2, ..., n3 - 51 , h, ...,

43

- so , gl = 2 => n/k .

If nik
, k = an example :

-Thus
, g = gan = (g) = ea = e

. 1

123 04002 (1) = 2

the order of a finite cyclic group is the number of

↑ rotations to return to the identify dended an or En U
, 123 (4052(a)

= 1

thm: order of a finite group | a 0732 04 002 (3): 3

-

supposeg a where a is a finite group of order n. Usa13

- The order of g is the smallest positive integers k such that G4231 = (3) , Up
= (253)

gk = e. Js312 ↓
248 = 72 . 3 + 24

do 32 1 202 : (e2)(32)- n =

1992, 93, ..., g23
72 = 3 . 24 + 0

= (2)
n

+

1items Bypigeonhol, atlasa
-

where gi=g] for some oi1jIn .

:. e = gj
- i

. 0j-iIn cycle notation : factorization into disjoint cycles

g

square 3 multiply
- (123) = 38y = (1)(2)(3) -

- 4)
↑ &

the method of repeated squares (modular exponentiation) Y
- (123) = 3

0
= (1)(23) = (23)

&
example : 34 mod 7 A
- convert 45 to binary

- (2) = 3 · e = (a)(3) = (12)

43 = 25 + 23 + 23 + 20 = 10110)
&

-

so , we have
s+ 23+ 22+ 20modz

les)= . 0 : (123)
&

3
↓ X

glondmoda-li2) =

3 -> ·a = (132)
&- notice

matc=Hi& squaring

300x = 30 -> multiplication example :

- now , starting with 3 -

& 1G3459IT I
S 1183 . %1 = z10

SM 107101 378 . 318 = 3100 =34 = 22mod7 = H-mode = (4)(talo3100

SM 10171077 3101 . 8181 = 31070 = z = 52 mod7 = 4
1017

/

#- 1070 s=3=Mod S· z10170 thm: cycle order

SM 10178= 101701310118g70770. z101700 = 344= 42 modi = 2 -

cycles with no numbers in common (disjoint)
107788 101787

= 34= 2 .3 modi = 63
· 3 = 3 commute with each other.

↓
because each number is only affected by 1 cycle

-

thus ,
so the order of the cycles doesn't matter

z4smod 7 = 6.
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definition : transpositions Thm :

-

a cycles are called transpositions - Let U
,
e ESn and are disjoint cycles.

-

Then re = e0
.

lemma : every cycle is a product of transpositions. proof :

anchor-at-firsty
- Let 5 : (S , se ...

SK)

(9, an .. an) = (a , an) (a , an-1) (9 , An-a) ... (a , 92) e
= Cr , ra ... rm)

OR - Then
,

(a
, 92) (9293) (az94) ...

Can-1 , an) 3 if e Esi
,..., Skyri , ...

rm3

proof :
( consecutive pairs rit , ifa + Er, , . . .. rm3

- Let's evaluate

M

re(x) = I r , if1 = Um

W = (a , an) (a , an-1)
.

. .
(a , na) A Sit if x + 951 , .

. .
, Sk]

-

plug in ak (a. anician) ...
(a , actal (9 , 912+ 1) (9 , 9) ...

(a , 92) s , if 1) = Sk

- If R & E11h, . . ., n3

=> 5 (91) = ak .

= e5(x)
- Suppose K = n . Then ,

-(an) = a,

-

Suppose K = N-1 .
thm.

(a , an-1) (a, ak-al ... (a
,

all all leave as fixed -

suppose [
, Te , ...,

Im are transpositions such tha-

(a
, 9k)(9() = 9, To

,
Tc, . . . ,

[m = (1),

(a , ak+ 1)(a,) = ak + 1 then m is even ↳ identity
(a , ak+a) (a, ak+ 3) ... (a , and all leave are , fixed

=>((ak) = 9k+ 1 pre-proof :

- Thus o = (a, de ... an D - For any transposition , we have 4 cases .

1. [m- , [m = (ab)(ab) = (1)

2. [m- , [m = (Dc)(ar) = (ac)(b)

definition : permutation parity 3
.

[m- , [m = (ac)(ab) = (ab)(b)

- A permutation ↓-> Sn is even if it can be 4
. [m- , [m = (d)(ab) = (ab)((d)

written as a product of an even number of transpositions.
- Otherwise

,
I is odd. proof :

- Let T .Tz : Em, Im

inverse : (a , . . . and
"

: (9 , an an. .. del - If m = 1 % [ ,
= ()

~

corollary : reverse -

If M = 2 E
, Ez = (1) ,

h is even
-

suppose I 1, im ,
0
,, 82 , ...,

Op Sn and - 1 . H .
If K = M-1

,
then E

, Tz . . .
[x = (1) =) 21k .

transpositions such that - [
,

I

... Im - 1

T,Te ... Im : 0, Oe ...
OK (a

*
x)

- Then m-k is even , We can do the same process to get either I

proof : transpositions that cancel , then either the I . H

- In Ez ...
[m OpOky ...

0.
= 0

, 82
...

Op0kOk ... Q : k)
-

concludes the proof or we can keep pushing until

m + K transpositions it cancels.

-

By the theorem
,

mak is even - For "a"not to cancel , it would reach the first

- so m-K = (M+ K)- 2k is also even transposition and not be anywhere else

w =

x)
examples : so , r(a) =

1. (123) = (12) (13) even r = (i)

a
.

(12) odd so r(al :a
3. (1934) = (74)(13)(12) odd
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thmi definition : dihedral groups as permutations
- The set of even transpositions - The dihedral group is the group of isometries

An = 50eSn 10 is every Sn .
of a regular n-gon.

proof
:

① And Su example : D4

② An Ede Sn
.

V
- Py = E() , (1234) , (133(24) , /1439) ,

(1) is even so (1) - An. V (12)(34) , (147(23) ,
(13) , (24)

③Suppose 5
., 22 An .

Then &[ , Tz . . . .
, Jess -> Su

- The eayley table is then just cycle products ,

&
1 82

, ..., Dam t Sn

transpositions such that example : Ds H r2 r3

& = [
, Iz ... [2k - Ds = <(1) ,

(12343)
,
%13594)

,
(14253) ,

(fix1) gr(fixsi sr2 fix(4)

Or : 0, 01 ... Dem (15432)
, (214) , (74)(3) ,

(213,
SV 3 (tix 3) 2)

- do 8 , 82 : Tita ... 2 & , 82 ... Orm (15) (24)
, (13) (24)3

-

The O 1 G2 is the product of 2k + 2 m transpositions ,

which is even.

- So G
, 22 7 An. definition : alternative dihedral group definition .

①Suppose 2. = [, Ez ... Eck E An

- An = Grg/gamune reFor sThe O = Ezx , Eas ...
I

,
EAn.

- Thus , An <Su. 13 ste
- Dn = Se , r

,
v,...r,

-> permutations sirs ,
v's, ...,

rus Y if Is) : 2 (52 = el

thm : (An)= a ↓ then
, (sgs)" = sg'sall unique .

proof : Y ↓

- Let T = (12)t Su it ri = vj = ri- vi = 1 sqgs ...

squag
-Let of An. ri-j = 1 S .

g ... g . S

zf : An Su
=> Irl) i -j n times

f(0) = 15 (r) = n
-

- claim : f is 1-1 . n /1-j so i-j = 0 mod n

proof : Suppose +(5) = + (52) => i =j .

ten [5
,

= [S2

so 2 = &2. [left-cancellation]

- solAn) = llmfl thm : was = grn-a
- If Mt Imf ,

then

M = If for some 2- An
,

so M is odd .

↓W is even so its a product of an even number

of ak transpositions .

So M is the product of ak+l of them.

- Let Bu be the set of all odd permutations .

- so (An) = llmf) = /Bu3

-

g
: But Sn

g()= [M

g is 17.

- so (Bul = llmg)An

- so lAnl = (Bul
-

g(u) is even

-

lAnl + IBn) = 1Sn) = n !

2(An) = /An =
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that means if c + ( (+) ,↑
definition : coset lemma : cosets are disjoint any coset with the element c is

just ((+) .

-

Let HEA - Let gi , gat a ,
H = G.

-

Let g + G
.

-

If gittn gatt to then

- The left loset of H generatel by g is g ,
H = gat

gH = Egn(n + +13 proof :

-

The right cost ofI generated by g is
-

suppose g.
Ht 1 gatt #O.

Hg
: Eng)n + +3 -

Then Eas ->
g.

H /gatt .
Ex:

g ,
he , for some not H

x :

gahz for some het to

example : - Then , g ,
n ,

= gahe.
- a

: Do -Let at gitt .

Wis at gett.
-

H = 50 , 33 -

a = g.n for some ht H.

-

0 + H = 90 ,
3) -

Recall gini =

gaha
=

gi
= gahah-

-

7 + H = [1 , 43 - so a = galanth = ga(nabih) - gatt.
-

2 + H : 92 , 54 - So a gatt
- 3 + H = 53 , 83 =>

g ,
H- gett.

-4+ H = 54 , 13 -

Now suppose be gatt .

WiS b + g , +) .

-

3+ H = 55 ,23 - b = gah' = (gin , Miln' = g(nina" hi)

- so be git
=>

gatt ? gitt .

lemma : coset order
- Then g . H = gatt

-suppose a is a group and Hea .

-

Let
g e G

. Then ,

IHl : IgH Lemma : cosets partition a

proof : -Let a be a group . HIG .

-

Let + : H + gH
-

The left cosets ofH partition 9.

f(h) = gh . proof :

-

Let's prove it's a bijection .

- For any ge a
, gegH because eef

-

Onto : Let <+ gh => Th->H St cigh .

Then f(h): so
- Then a-

f is onto .

-

1 - 7 : Suppose f(hi) : final = gh = gnc = h = hz by
-

Take x + gH = < = gh for some neH but he a

left-cancellation. So t is 1 % 7 .
so gh ta so gH[a ,

- since f is a bijection Ili/gtIl. ThereforeEagH = a.

-So , a= gh

-

By the previous lemma , any two distinct cosete are

disjoint so the cosets partition a
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thm : lagrange's theorem example:

-Let lak & be a group.
- a :a

* Ea * E2
-Let Hea

.
Then -> [9 : H] = 19)

(
-

H = 510 , 0
, 03 , 31

, 1
, 13

IH1/Ia 14) - what are the cosets of # in a ?

proot :

- u =

gagH a = &(0 , 0 , 0) , (1 , 1 , 1) , 31
, 8 ,

8), (1 , 8 , 1) ,

11 , 1 , 0 , 20
,
0

,
1) , 10 , 10) ,

906 , 113
-

Each coset has the same size as IH1 .

- So
, (a) = m.H (0 ,

0
, 0) + H = 5(0 ,

0
,
0)

,
(7 , 7 , 113 = ( , 1

, 7) + H

Where m is the number of cosets. 17 ,
0 , 07 + H = 50 .

0
,
0

, 10 ,
7

, 173 = (0 , 1 ,1) + H
-

Therefore IH// I a / (7 , 0 , 7) + H
= &(1 ,

0
, 7) ,0 , 7

,
03 = (0,

1
,
8) + H

(1 , 1 , 0) + H = 5 (7 , 7 , 8) ,
10

,
0

, 13 = (0 ,
0

, 7) + H

definition : number of cosets

- Ca : H] = # of cosets of A in G
. I example :

↓ X
index of it in a -

suppose a
= Fil

-I = 18

example : -

2 -1

-

a = T - <2) = 27 ,
2

, 4 ,
8 , 5

,
10 ,

9
,

7 ,
3

,
63

- H = 07 = 26k/k -> 23 12) = 10

-

[G : H] = 6 - <3) = 21 ,
3

,
9

, 3
, 43

141 = 5

-

H = 56k/k + 23
-

1 + H = 26k + 1(k + 23
- 2 +H = 26k + 2(k + 23 thm : the order of an element divides the order of the group .

-

3 + H = 56k + 31k + 23 -

Suppose 12) : n

-

4 + H = 56k + 4/k + 23 - Let at a with 191 = k

-

3 + H = 56k + 31k + 23 => ak = e

-

By Lagrange , kIn

=> q" = (qk) = c = e

thm :

groups with prime order are cyclis
- so an e in a

-Let a be a group of size p where p is prime .
-

Then a is synic .

proof : thm : Fermat's Little Theorem

- Since p = 2. We can take ge a/ge3. - Let p be a prime and at Er such that

-

Then H = <) is a subgroup of a. ↑ta . Then ,

-

Sindy Fe ,
(H) (e ,ge+ aP" = 7 mod p

-

By Lagrange ,
1H1 / 19) =

p . proof : Since pra , there's

a remainder
- Since IHE1 , IH1 =

p .

- Let a = * = 97 , 2
, ..., p

-13/
-

So H = 9
.

- pa = >a = i modp for some if
-so a = <g) .

-

1) =

p
- 1

.

-

Let k = (a) = al = e = 1

-

By Lagrange , the order of an element a must divid the

order of the group . Which is p-1 .

k(p - 1

= p-1 = 1.m for some me Do

- Then , ap = akm = (am = 1m = 1 modp I
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trim : Euler's Totient Theorem thm :

- Let n- N and - E such that god (a,n) = 1 - Let -
, M be cycles in Su.

Cie ; a and n are coprime. Then :
-

[ andM have the same length it and only if there

ban) = 1 mod n exists oIn such that

where psn) = 151 = k = n 1k -D , gcd(k, n) : 731 M = 0 To

(i .e ,
number of elements coprime to n)

. prost :

proof : ()suppose [ and M have the same length . So

- Let G = En :e [ =

Ca , an ... ak)

I- inen Ifr) $(n) Mk : e M
= (b , ba ... bk)

- Since god(an) = 1
, a - G

. for some an
, an , ..., ak , bi , bai -,

bi - E1
, 2 , ...,

43
.

-

Let k = (a)
.

=> qk = 1 -Let We su satisfy
-

By lagrange , K1$(n) => On = k. m for some me E. G(a ,) = bi

Then ,
90cm = a

km
= (a)m = 1 m = 1 (modn) O(aa)

:

"ba

-(an) = bn

itxf Ea , 192 , ...,
and choose doe to be

thm: something left

- Let a be a finite group .

- UTF" (bi) =

o [(ai) = 0 (ai+ modk) = bits medic

-

suppose H and K are subgroups of a satisfying
-

suppose 22 */2 b, . . .

,
br3

k = H = G
- o [0" (x) = 5 [(0(4) = 0(0 (4) = +

- Then; - 60 +20"sends b ,
- be (L-

:
[a : K] = [G : H] · [H : k] bi - bi

proofi -This is exactly M.

- Sair . (H : 1) :

= = h :)

(E) Suppose [
, M are cycles and M

= U T5
- Wis :[ andM have the same length.

can we find a subgroup
J inverse of lagrange's theorem

-> for every divisor of d.
- LetI = (a, an ... ap)

tur : At has no subgroups of order 6. - Let of Sn

proof :
- Let's snow WIC" is a cycle of lengin K.

- An = &(1) , (793) ,
(132)

, (134) , (143)
,

1234)
, (243)

,

- If &"GL) Ea , ... ap3 , then

(124) , (142) , (12) (34) ,
(13)(24)

,
(14(23)3 Of() = +T(8 " (4)

- 14) = 1 = r(5"() =

- suppose there is a subgroup H of order 6. - If "All = ai for some; ,
then

- By Lagrange , [Ay : +] = 1A4) == 2 UTG) = w [(a)
= & (a ,+1)

It
- But =() = ai => CL =

+ cail
gHg = H

-

There are a cosets of Hin A4 ↑
-

Let b. = 5(ai)

- SinceH is one of the cosets
,
the left = the right : gH = Hg ba = 5(aa)

-

It has at least2 3-cycles. eitherDo or Se bi
=

= r(ak)
- Wron

, suppose (193) + H -

Then =C (bi) =

bit , and

- Then (123) = (132) must also be in H . Wir(x) = x When Eb ... bis]
- Since gengt H for all ge Ap and all heH. So

↓

subgroups of order a (724)(123)(194) = 724)(793)(742) CTS- (b , ba ... bu
are normal and

the closure of
= (243)

conjugates alyas (943)(123)(243)" = (243)(143)(334)
= (42)

-

Thus
,

H = 2()
,

(193)
, (732) ,

(243)
,(34) ,

(194)
, (142)3

-

Thus
, I must have at 7 elements .

-

Therefore , I cannot have order 6.
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Im : thm :

-

supposef In has cycle type (r , na ... nk) -

suppose b : -H is an isomorphism .

where, that ... + nk = n. - Let ta be the identity of G and at be the identify of H.

- Then for any of sn , UNO "has the same
- inen$(a) = eH -

cycle type as M. proof :

proof : - Let &Cea) = X

- Let M
= C , (2... ok Where G ,

C
, . . ., < are disjoint

- Plea ea)= Cea) = x

cycles of lengths m
,
ma , ...,

nk, respectively .

Il

- OMF"
= 5( ,( ... (k) 5 P (a) · P(a) = x2

= 152 ,8") (5(25") ... COCK2")
- SoX2 = X

, so

=

di da ... dk X .

X = X - CH

Where di is a cycle of length ni. 5 X = eH (left · cancellation)

-so Nur"has the same cycle type a M.

thm: finite cyclic groups are isomorphic to En

definition : isomorphism
-

suppose a is a cyclic group of order n
.

Then,

- (a) *) and (H , o) are isomorphic if there exists a GE En .

function & : 07 + where I is a bijection and proof :

- homomorphism
-

a is cyclic so I ge a such thatoperation preserving * ya)
= b(g ,)00(92) <g) = G .

- 6 is an isomorphic and GE H. - Since a has order h
, then

a = Gg , g"..., 943
-

Let $ : En -> a P (0) = e

claim : EE's & y
= 20, 1

, 2,
33 b(m) =

g
M P (1) =

%
:

proof : * s = 37 , 2 ,
3

, 4] - to is clearly a bijection, b(n- 1) = gn -
1

-

Let 6:- tu -

Let mymat In

↓ (1) = 0 ordga = 4 -is : $(m , + mal
= &(m ,) & (M2)

P (2) = 1 20 = I mod 5
- pimitmal = gritme

P(3) = 3 a : 2 mods : gm
, give

b(4) = 2 . a2 : 4 mods = b(m ,) O(mz)
- t is clearly a bijection.

a3= 3 mods

c y cy Pax(y) P(((y) PCTy) thm :

I I I O O G O - If a is an infinite cyclic group , then

1221
0 I I nEE

.

133 30 3 3
proofi

14 4
2

02
2

- There existsot a such that a = <g)
224 2112 -

Suppose ga = gb with a = b for some a and b.

23 8 130 -

Then ga
. b

: e
.

22433 13 -

so 1g)) a - b so a is finite
334 2 3

2
-

Therefore <g = 5 ..., ga , g' , e
, gi , g2, ...

3

3421 3 I
Let 6 : to -> a defined by $(n) = gr .

44 U 2 O -

The function is 1-1
.

-

O is on to because if < -><g
>

then X = gm for

some m + so b(m) =

g
*

= X.

-

ThereforeI is a bijection .

-

Let m ,
n + &

. O(men) = gM
+ n

= gM · g = b(m)$(n) .

- so t is a bijective homomorphism. I is an isomorphism. 8
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definition : nomomorphism. proof : G
- Let a and It be groups

- wis J he Ht such that H = <>

6 : 4 = H -Let go a such that a = <g)

is a homomorphism if fgi , Put a preserves
the
on

- Let's prove H = <>
· By definition ,

we knowe H.

↓ (g, g2) = 0(g) b(gz)
-

Let D(y) = h
.

Let x + H = Jy + as .t $(y) = X

- Since y + a . y
= g" for some integer K.

-

Suppose K 10
.

thM : -

when k = 0
, y

= ea sox = e
+

E < h) .

-

Let G ,
H be groups. Let $ :- # be an isomorphism. b(go) = no

-

Then the following are true. - When K = 1 : &(g) = h by definition .

②
"

: H-G is an isomorphism
-

When k= 2 : P(g2) = b(g . g) = P(p)· (g) = M. R = e.

② (a) = (H) -

suppose &(gm) = hm

③ If a is abelian
,

H is abelian & (gm
+

) = 0(gm ·g) = b(gm) - D(g)
① If a is cyclic , I is cyclic = hm . n = hm+

⑤ If amas a subgroup of order n
, it has a subgroup of order n .

-

Now suppose k < 0
.

WiS P(g) : he
-

b()b(y=) = b(gg ) = b(y) =

en
.

proof : ⑪ -

so bigi) = (0(g))" : e+

- sincet is a bijection , to "is a bijection .

-

suppos p(gm) : h-m

Let's prove it. exists because o - b(g(m+1) = b(g-m.

g)
- - is onto and 51g.

= $(h)
& is 1-1 : &ni) = 6na becauseI is 1-1 .

= d(g-m) . D(g-)
↑ (*" (h.))=(b(22) = h-m . h= h

- (m+)

hi =m - x = d(y) = b(gk) = hk = <)

&"is onto : Let g + a
. WTS TheH s.t g = PChl So H = Ch> so It is cyclic

Let n= b(y) · Then p(h) = D" (Aig1 = gr
# is nomomophic : Let n

,, 12 &H proof
:⑤

&(e, hal : 0 hi)$"(hal
- Let K be a subgroup of a of ordern ,

↓ (G'Ch ,hal) = hinz 50 K = EK,,Ka , . . .

, Kn] .

↑ < *" (n) @(ha)) = $("(ni) · &(4"Chall - b(R) = 30(k) , $(ka) , ..., 01m)3 .

= h, h
-

since ↓ is 1-1 , D()
,

Alkal ... DCku) are all distinct

so $($"(hinal) = b(b" (h.) 4"Chall but b is H
-

so 1$() =
n

.

↓"

(n,2) = 4"Hil &"Sal
- $(K) = I because $(Ki) -> H

.

Wis: 0(k) = H

-

Since KE . ea-R . Deal : en . so en-0(K) :·

proof:
- LetCi) ,(k) + CK

- ↓ is a bijection ,
therefore 191 : (H) 9) (k ,)(kj) = D(kik; )

Kikj - K because is a group .

proof: so b(kikj)+ &(k)
- Let Mi , Nat H .

-

Let P(ki) -> P(K) . Wis (i) "-(k) ·

- Let g. , gat a st P(g)=1 ; Olga) = he
-

K is a group so ki -K . So P(ki) -> P()
- b(g , ga) = &(g) P(ga) = h , he = A(k

,)"
-> &(k) .

Diggi) = D(ga) P(gi) = hah ,

- so hima-hahn : H is abelian.
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turn: example:

-

two groups are related if they are isomorphic . &
4

= 20 , 1
,

2
, 33 = &(1) , (13)(24) , (1234) , 17432)3

-

this relation is an equivalence relation,

proof : t o 123 0tSu

1. reflexive : 0 o , 2 3 (1)

Let a be a group . Wis a
I 123 0(1234)

-

Let b(g) =

g Vg + a.
2230 1 (13)(24)

-

This is an isomorphism. P(giga) = g i ga & DigiP1g2) = g1 g2.

3 301 2 (7432)

2. symmetric:

Let a andIt be groups st GEH
.

WiS HE a. example :

-

Let D : a * H be an isomorphism .

- SgEHE So
S3

is isomorphic
Then D : He a is an isomorphism . So HE G

. 12 3... T
3. Transitive : (7) (12) (13) (a3) (23) (732) 5t So

- Let G
, H ,

K be groups St GEH and HEK
.
WiSGEK

.

1 () (1) (12) (13) (23) (123) (132) (1)

- 7d : G-H and JM : Hzk. 2(2)(2)(1) (132) (123) (23) (13) (12)(36)(49)
- Hod : G -> K is a bijection .

3 (3) (13) (12%) (1) (139) (12) (23) (3)(29)(46)

- Let gi , go t a. Wis Mod1g , 92) = pologi (no Pegal 4(23)(23)(132)(23) () (13) (12) (14(ab)(35)

Mod (g , 9a) = M)0 (iga)
S

(23) (123) (13) (23) (a) (3a)(1) (156)(234)
= M (0(g1) Osgall & (13G) (13G) (23) (12) (13) (1) (23) (165)(243)
=

M(019 ,) M(P(gal)
= Mobigi) ·Mo (2)

- SE &(1) , (72)(30)(4s) , (73)(23)(46)
- so Mob is an isomorphism and GEK

.

(14)(as) (35) , (186)(232) , (163) (243)3

A finite group of order n is isomorphic

thr :

Cayley's Theorem ↑ to a subgroup of Sn .

turi external direct products
-

Every finite group is isomorphic to a permutation group ,

- Let G , H be groups. Then GXH is a group
a Sn for some n. (9 11 h ,)0 (ga , Ma) = (9 , 92 ,

h , 2)

- Note : A finite group a is a finite permutation

group if there exists n such that GESn.

proof :

computes Cayley
thr :

-

Let a be a group bijection ↑ table rows - If a and be are positive integers with god (a , b) = 1 , then
↑

-

For ge G
,

let Xg : a - a where xg(g) =

g . g) taxt tab tha En # thu

-

Notice that 19 . /ga = +g. ga Agoxga(y) = +g . stga(g) proof : Tax z T
-

Let b: a -> Stg : geab .

=

xg , (gag) =(g, ga)g
- Let $ : than-tax Eb where

-

P(g) = 1g isa bijection and = Ag , ge P(n) = In moda , n mod b)

Ky,ga) = Ag, ga
= +

g,
0 +ga =(g) &(g2)

-

claim : & is an isomorphism.
- so to is an isomorphism .

① ↓ is 11 : Suppose P(n) = b(m)

then n = m mod a => ald-m

n = m modb = blu-m

so n = m mod (1cm(a ,
b)

=> n = m mod ab

so n = m in Fab
.

②I is onto : 1 Frax El = al

I Fab) = ab

SinceIthaxtol = 1 Fabl and b is 1-1 ,
then I

is onto .
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subgroup & conjugating n bygresutsa ben
of a T

③I is anomomorphism
:

(ie
.,
) $(n+ m) = b(n) + psm) thm: normal subgroup 9Ng = N => gug' = n' for n

,
n't N

.

& (n+m) = ((n+ m) mod a , (n + m) mod b) - N is a normal subgroup of a if NEG and giving for all yea .

↓ (n)+ b(m) = In mod a
, n mod b) + (m moda

, m modb) -We write N & G.

= ((n+m)moda , (n +m) modb)

= d(n + mi
thm: abelian subgroups are normal

- If a is an abelian group and Ha , then HEG .

thm : internal direct product proof
:

- Let + and K be subgroups of a satisfying
-

gH : my because a is commutative

① a = Hk = \nk ; n+ H , k + k]

& H1k = ze]

& hk = kh for all neH and KEK
. thm:

Then a is the internal direct product of H and K
- If H1G and [a : +] = 2 then H & G

.

Then &EH* K. proof
:

- Let g / H
, then the left cosets of 1 are H and gH ,

example : the right cosets are H and Hg ,

- 50, 63 , 90 .33 in # => gH =

Hg .

- 20, 2 , 43 + 98 , 33 = 50 + 00 + 3
, 2+0 , 2+ 3 , 4 +0 , 4 + 33

= 20,
3

, 2,
5 , 4 , 13

= tho thm :

example:
-

Let Na . The following are equivalent .

- Es = <7 , 3
, 3

,
73

grig'- N
1. NG gH=y Ege a

-

21 , 3331 , 33 : 91 , 3 , 3,73 :E ↓ 2. gNg"IN Vyta . = right mult

closure 3
. gNg" = N VgEG. by g

example :

-

Do is the internal product of [1 , r33 and 51,
2

, r"
,

5 ,s
,
was proof : (3) = (2)=)(1) =(3)

-

Recall
,
in Dn ,

ris-sur-i
.

In Do P : groe - (3) => (2)
· gNg" =NE gNg"EN .

- (2) EG) . Let y
+ G

. Wis gN
= Ng . We know gig"-

> N.

-

Let x ->
Ng =) x =

gr for some nt N
.

thm : Then Xg = guged .

So xg" = n'EN.
-

- If G is the internal direct product ofH and K
, then GEHXK

. so X = rig -> Ng .
So gN-Ng.

proot :

I
- Let ye Ny =>

y
=

ng for some new .

-

P :
Hxk-> a

A
- Because a is a group , g"El so g"Ng EN .

&) (n ,k) = nk - a
H * K

- gy
=

ging EN . So gy
: n'eN.

e

D is well-defined .

-

y
: gr' < gN . SoNg -gN .

-is : & is onto - Hence gN = Ng .

- Let g + U . Since a = HK
,
then gink for some ht H ,

ktK ,
- () = (3) Let g - U

. WTS : gNg" = N -

so $((n , k)) = Uk =

g . - Let x
= gNg" => X = gug"-Ignlg" for come new -

- Wis: & is 1-1 -

gn + gN and gN-Ng sogneNg so In'stgHirig.
-

suppose b (SM ,, K ,1) : A(sna ·
Kall

.
Then - Let y - N

.

inen yg-Ng E gyfgN .

Niki = nakz => Wahl : Kak" -> H1 : Ge3 so ygign for some n EN.

- Ihin ,
:e and Rak ,

"
= e y = gug- gNgt

so n1:42 and K
, :Ke .

- so gNg"
= N.

-

#: ↓ is a womomorphism so $(h,Kilsnakal) = $ (h ,kil) & Sha , Kell

- b(( ,, kill &(a
,
Kall : Mik, Knakel

=

n(knalke =

nichaki)ke

=

China) (kika) = P China , likall

= b((niki)(nakall A



/

definition : quotient/factor grou "a mod in
"

example :

-

suppose NO a men /N is a group where the elements - REX] = set of polynomials with real coefficients.

of /N are the costs of N in a and the operation
- REX] is a group under addition.

is (g , N) (gaN)=gga) N *
SE subgroup

- xz +1t R[x]

operation in

a/5th S ] crests

-

H = G(x2 + 17g(x) :

q
- R(X]]

example :

3+ 5th
- R[X] /H = ?

- EISE STEE so STE 4 + 57 - The cosets are of the form

-/3 * = 55th ,
7 + 3 ,

2 + 3# 3+ 37
, 4 + 33 f(x) +H

&

- (3+37) + (2+ 3) = (3+ a) + 32 = 0 +3 where f(x)- > R[X]

((3+ 3x) +3) + ((2+Sk) + 3) = ((5 + 3x +sk)+ 3) -

x + H =
x + H 47 H

= ((0 + 3a) + 5) x2 + H = (- 1) + (x2+ 1) + H

#defined = (0 + 5) = (1) + H

- R[x] /H = 3(a+ bx) +H(a ,
b +R3 = ((,

+ )

proof :

1. closed : (g . N)/gaN) = (gig2) NE YIN .

2. assoc .: ((g ,
NI (gaN))(g3N) = ((g ,ga)N) g3N thm : the alternating group (An) is normal in In

= (19192)gg)N
- An Sn

= (g . (gags))N proof : Su/An = &An , Br3

= (g, N)(g2g3)Nl) - If n = 1
, A

, :Sn .

I=

(g ,N) (lgaN) (g> N)) - If n = 2
, An = h -AnB

3 . Identity : eNiN where is the identity of a so [Sn : An] : 2 => AnESu Bm En An

(gN)(eN) = (ge)N = gN

(N)(g) =

(ge) N =

gN - primes

4. Inverses : (gN" =

g"N definition: simple group
(gN) (gN)" = (gg) N : eN - We say a is a simple group if NE G

(g -N)(yN) = (gy)N = eN => N = Ge3 or N = G .

S. well defined :

airen :

g , N
= giN and gaN = ga'N thm :

any prime sized group is simple

WWTS :
19 , ga) N = (giga') N - If lal-p with a prime , then a is simple .

proof :

2 . g , N = giN (given]
- 19) =

p .

gaN
=

ga'N
- H = a => (H) 11a) -

p .

2. (gil"g , NEN <difference of cosets + N]
-

so (H) = 1 or (H) = p

Iga'l"gaN +N ↓ ↓
3 . g = gin , Cleft multiply (a) by gi'l H = Se3 H = 4 .

ga
= ga'ne

4 . giga : /gin ,) /ga'na)
= gi(nigal)na Cassociativity] thm : Al is not simple

3
.

Since N & G
, we have gNg"EN proof :

=> gug" = ni -

Au = G (1) , (123) , (1327 , (RU) , (142) , (134)
,
(143) , 1234) , 1243) ,

=>
gn

=

ng (12) (34) , (13) (21) , (14) (23)3
Let n , ga' = glang for n= n , and giga

-

H
= &(1) , (12) (34) , (13) (24)

, (14)(2373

6. Then
- (23)H = S (123)

, (BU) ,
(243) ,(14213 = H (123)

giga
= g ; (ganz)n

- (13G)H = 5 (132) 1 (143) , 1234) , CRUT = H (132)
= (g , g'2) (nznz)
=

(giga) n4 crenaming]
(gi9al)" (g , ga) = mu => (g ,gN = (gi92) N TD
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thm: For n = 5, An is simple -

Ifw does not have factors with cycles

proof : of 2 or more elements.

Step 7 :

prove An is generated by 3-cycles
-

Another case :

example:
A4 = &(1) , (123) , (132) , (124) ,

(142) , (134), (43) , 0 = [ (a , 9293)(949s90426

(234) , (243) , (12) (34) , (13) (24) , (14)(23)3 (a , daau) + Ja, an and" EN

- (12)(34) = (132)(134) So

-

(13)(24) = (1237(124) & (a , an all & Ca , an and -> N

- (147(23) = (12()(123) so

- (abi(cd) = (asb)(a(d) a = b + c Ed - can no as (a , as an Ca , anauly ca, 92 as) can as no Ca , an aud" N

=

Car 94 as 90 93) - N

prosf : Since -4 , it must contain a 3-cycle.
- Of An can be written as a product of a even

number of transitions. There are s cases :
- Now , suppose + = + (a, 9292) where I is the

-

⑦ (ab)(ab) = (1) product of an even number of disjoint transpositions.
-

② (ab)(as)= (ack) 52 EN

- (ab) (a) = cacb)(and) 22 = E(9, 9392) = 191 92 azlf N .

-so I can be written as a product (possibly empty) So N contains a 3-cycle.

of 3-cycles .

- Now suppose o = [, Tz ... Tak-1 Eak - N .

Step 2: Show that if N & An and N contains a 3-cycle = [(d , an)(93a4)
then contains all 3-cycles for n = 3. = [ (a , azan) (a, 93 aul

proof
:

- Consider (1929) o (9 1 93 nl EN .

-

suppose (abi)+ N
. &

" (a , 92as) & (a , 9392) -N

- Since NEAn
, for any

We An #a , gal(asaul (a , an 93)](h, an) can ans(a) as And

↓ (abc)o"tN = (a , az)(aa gul E N

=> (U(a) +(b) -(d) - N
.

- 7b + 1
,
2,3, 4

- Now we need 5 st - consider the cycle M
: 19, 93b) - An

r(a) = i j +(b) =

j ; v() = K . # 19 , an) Can an MEN

Mu'sa , ag) (9294)M(a , an) (2qn) + N

Step 3 : If N & An and NFGc13 and n 35
.

= (a, 93b) - N .

N contains a 3-cycle -

proof : proof of thmi

-

suppose N & An , nIS and NFECI3. - Let n =S
.

-

Let JEN .

- suppose N& An and Nf[ (1)3
.

- Write was a product of disjoint cycle .

- Then
, by dep 3

, N contains a 3-cycle -

- IfI has a divisor with cycle length ?4 , then - Then
, by sleps , N contains all 3-cycles.

~ = I (9 , 92 ... ar) with I disjoint from - Then, by Step 1
, N = An

.

(9, an.. ar) and r24.
- Therefore , the only normal subgroups of th are

-

Consider (9, an as) o Ca , an azl"- > ↓ N =Gc)3 and N = An.

(9 , an as) (T (a, ae ... arl) (a , 92 as)
"

-

Thus
, An is simple for n = 5.

=In , an as) [19s an as)
"

(a , ands) Ca , 92 ... arl 19, an ast
=

[(a293 a , an ... avIEN

&"E N so

5'I (anas a , ap ... arl EN-

(a) an ar ... and"ICanaza, an ... ar

= Charar ... az) (a2 as ay ... ar

=

(a , asarl Calcul ... (ar-1)
=

(a, azar) - N .
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definition : group homomorphism example : 6 : Eom-En
-

Let Git be groups ,
$ : 47 t is a group homomorphism -(0) = 0

if plgiga) = Pgi) Daya) for
any grigaea .

- d() = k = d(e) = ek modngenerator,
km = O mod n

example : p : Es#12 6 d =

gcd(m , n) => m= am'
,

n
= dn'

- supposed is a homomorphism . km! = O mod n

- b(0) = b(0+ 0) = f() + p(0) = 8 mod n

- d() = p(s) = p(4 + 1) = b() + px) = $() + p(1) + f() ... : + 50 , nian , (d-1)n'3
= 5 . &(1)

= O mod 12 The number ofnomomorphisms from for to En is

=> b() = 0 = b(n) = 0 Vn d = gcd(m, n) .

example :: $ :- Es example
: b : hm-te

- P(0) = 0 -

km = 0 => k = g

- f(0) = P(R) = 124(1)
=

O mod S example
:6: Em

d() + 20 , 3
, 183 - (0) = 0

- $() = K mod me

example : 6 : Ex- #2
=>

k +2011, ...,
m - 13

- p(0) = 0

- p() =((4) = 4b()
= O mod 12 thr:

=> p() = 0 mod 3 -

Let G , 1 be groups and $ : - + be a group comomorphism.

=> p() + 50 , 3
,

6
, 9) -

Then,

① Let &(a)
=

Ed(g)(g - a3 = 1m(b) = H .

b(0) = 0 P(O)= O p() = 0 &(d) = 0 ② ↓(eg) =

en

P(1) = j OR- #) (1) = 6 & (1) = 9 ③ Ker b =

Eg + a 1d(g) = enz = a
.

d(a) = 0 j p (2) = 0 p (2) = 6 ④a = a , b(a)) = H

p() = 0 b(3) = 9 ↑ (3) = 04(3) = 3

↳ this proof : & Im(b) +

example
:$:- Ehiz - subset :

- P(0) =

0
-

x + b(a) = x= &(g) for some ga . x = ((g) +> H
.

- b(1) = k - closed :

- Sk = 0 mod 12 -

Let D(y) + Da and Olga) -@a

Uk = 0 mod 3
-

Then b(y . ) · PCya) =

Plgiga) -> (a)

k = 0 mod 3 [gcd(2,3) = 1] -

identity :

=> d() + 50
, 3 ,

6
,
93 -

pley) = e + = ((a) .

= #12 - inverses:

p(0) = 0 $(0) = 0 &) (o) = 0 P(0) = 0
-

Let &(g) E D(u)
· j- a so b(g)) + P(u)g& (1) = 0 ↓ (1) : 3 & G) = 6 & (7) = 9

- P(g-)p(y) = ((yg) = 0(a) = en

: ↓ (2) = 6 P(2) =

0 & (2) = 6 b(g)b(y=) = b(gg)) = 0(a) =
e +

-

/ b(3) : 9 (3) = 6 p (3) = 3

! & (4) : 0 ! ①(4) : 0

! b(s) = 3 : :
s

b(6) = 6

↓ (7)= 0 /(7) : 9 p (7) = 0 $(7)= 3
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proof: Ker $1 a proof: b- subset : If & : a f H
,

Then

P
- go kerp => get a by definition . n4 alerdEP

- closed :

- Let gign
-> Kerd .

inen P(gi) = ef and P(g2) = ent
-

Let 7 : - alker b where

=> D(g192) = $(g , )$(g2) <nomomorphism] ((g)
= g(kerb)

=

H [definition] - Let To : a/kerd- > $(n) where

- identity
. ↑ (gkerp) = b(g)

- pleg) - erso eut Kerd
.

-

If glerb-a/kerb = ↑ (gkob) => D(a)
- inverses:

-

WiS :

-Let ye ker & ① ↑ is well defined (i . e ., if g ,
Ker :

gaker b
- since I is a homomorphism ,

then & (g,Kerb) = 4 (gaker D

P( = ↓(g) = e = e = gekerd.
=>(gi) = P (g2)

-

normality: ② If is 17

-

Let - G and 1 + Ker 0 .

⑨ It is onto

-

WTS : glg
-> Ker & ⑪ If is a homomorphism

- Consider b(gKg
+1)= kg((K)(g")

= d(g)b(y- ) [k - Kerb =) &(k) = ex & suppose gilerd = gaker $ .
Wis P(gi) = & (ga) ·

=

P(gg) g.Ker D = gakerb => ga"g ,
- Ker I

= Deal = enekerd (a is a group] so (gig) = e [ kernel definition]

=> P(ga")p(g) =

e [D is an isomorphism]

P(ga) P(ga) P(g) = d(yz) [left-multiply by P(ge)]
thm : 1st isomorphism theorem (fundamental Homorphism theorem Olgaga) P(g) = b(g2) [dis an isomorphism]
- Let $ : - be a group homomorphism, Then => P(yi) = biga) [P(yaga") = &(e) = e]

a Ikerp E O(a)

O ② suppose +↑ (g ,
Kerb) = ↑ (gakev4)

a - H men $(g ,) = P(g2) [ definition]

.. 4 so ↑ (gg=)(b(g)
:

e [left multiply by PG2")]

(g)
= gkerd a/kerp b(gz g ,) = e & & is an isomorphisms

=> gag , t kerb & kert definition]

example : $:8 - E12 so g ,
KerO = gaker ! 2 definition]

so to is 1-1.

-(m) = 3m mod 12 & (0) = 0 d(4) = 0

-

$(88) = 30 , 3
,

6 ,
93 & (1) = 3 D(S) = 3 ③ Le+ x -> p(a) => Jgfas+ x = d(y) .

- kerd = 30 , 43 $(2)
=

6 X = p(g) = 4(gker() [definition]

0(3) : a P => x - Im(4)

So to is onto

-/30, 43 = 20,316 , 93 Etis
<3) # ((giKerd)(gakerk) = tr(g .ga) kerd)

= 250, 43
,
21 ,

33
, 92,

63
,
93

, 733 =d (giga)
= P(y ,)$(q2)

- of (g . Kevp) + (galer 4)
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thm : and isomorphism theorem proot: /HNEHN/N .

- Let Ha First , let's show that N & HN .

-Let N & G
- WTS : XNX

"
- N for some XEHN

.

-

inen , ①HN- a
-

NEU = gNg" = N

② HMN = H ⑳
-

- Now , let < - HN = a .
Then xNX"EN

.

③ /HINEHN/N - Hence N &HN.
we want to invoke the 1st iso frm

-

so NIHN
. G St HAN = KerO and HN/N = Imd

example :
- Now , define 6 : H-HN/N by $(n) = nN.

- 44 = 531) , (1234) , (13)(24) , (1432)
/

-

claim : ↓ is a well-defined homomorphism.

(12) (34)
, (14)(23) , (13) , 12413 -

well defined : WTS UN-HN/N·
-

H = 21 , 53[D4
-

HN : Shn/UtH
,
neN]

-

N = [1 , r2
, 5 , righ @D4

- HN/N = EnnNINtH
,
neN3 = EMHInGH3

-

HN = Enn/n ++, n- > N3 -

So UNE HNIN
,

↓
= [1 , r2

,
5

,
r2s3 = N

-

onto : Let x
-> HN/N .

& HN and NEHN since 1 E HN
-

Then x = (n)N: nN = ↓(n) for some neH
, ne N .

- H1N = 21, 33831
, 53

-

isomorphism:

- H/HMN = (7 , 33/37
, 33 = 337 , 333

-

P(n , hal= Mina)N
- HN/N =

dir2,5 , 02
, 2253/51

,
02

, 5
,

02
,
2233 = 957 , 225

,
22

, 02333 =In. NIhaN) [NEHN]

=((n,) O(na)

Proof :Q HNEG .

- Soo is a homomorphism.

- Recall
,

HN = EnnIne +, neN3 -

By the 1st isomorphism theorem ,

- identity : etH and efN because H ,
N = G .

- H/kerd = P(+) = +N/N

80 e . e = 2 . e = et HN .

- claim : Kerb =

HIN/N is the identify element of HN/N

- subset : ne G
.

nea so n - a. - Ker 0 = EntH1b(n) = N3 = En+H/nn = N3 = HeN

- closed: Let hin ,
-HN , hana-HN -

- So, ,

Mini)(hana) = n
, In , nalne H/HMNEHN/N

= n , (nan!ne [NEa]

= nina (nine) example :

= UzUz- HN -

a =

- inverses : Let Un -> HN .

-

H = m

(hr)" : n'n -

N = n

= n"(r)' e +N [N * a] -

HAN = km(m,
n)

-HN : mA + nE =

gca(min) E

proof: HANE a - "/HMNE HN/N

- HANCH
.

ME/(cm(mn) gam
,nit/ne

- Since HMN is a group with the same operator as H ,

- so (m/kcmcmin) El = /gcsmn*/nz)
then HAN H

.

kmimin>n = "/gedimn)
- Let ne H , ke HeN

. WiS UKU-'- HIN . => mn = (cmcm , n) ·

ged(m , n)
- kf H1N =) k +

- => UKH"eH (His closed)
.

- similar
,
ke H 1 N => k-N

- Since N & G
.

nkh"- N
.

-

so , Ukh - It +N => HeNa
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↳
" isomorphism theorem

thr : correspondence theorem thm: 3ra isomorphism theorem

- N & G maps H-H/N is a 1-1 correspondence
- Let a be a group

.

between subgroups HE a containg N and the set
-

Let NEH , N & G , H * G
.

of subgroups of /N. - inen ,

- Furthermore
,

HEG and NEH then "IN*/N .
a(H = 4/N/H/N

⑦ If NEU
,

then "IN14/N proof :

N = H = G -

Let p : <N = /H

& if H1 G men HIN89N d (gN) =

gH
② if HINEYN then HEG with N = H - Kerd = EgNe %N (gH = + 3
⑪ If AN W9I then H*G with N = H = H/N

-

By the 1st isomorphismHerm
,

proof : ① NE
,

N = H = a => H/NEUN /N/H/N = /H
- N

,
G , H are all groups with the same operation.

- N & a = gng'e N.

-

H = a =) n + h = n + a
. definition :

group actions

- so unh'eN so NEG
.

- A group G acts on a set X with a

group action if

- H/N is a group (same operation as /N
.

There is a binary action from

- (h , N)(haN) = (h , na) N a xX - X

=

gN such that

-

so HIN-IN =IN N 1) e . X = X * x + X

2) (9 , 92) ·x =

g · (gzox) Ygigzth , XxeX .

prof : @ Hwa => #N *N

- Let gNE 9/N and uNe H/N -

If a group actic exists , we say X is a G-set .

-

Then
, (gN(N) (g)

= (gN)(nN(g"N) example
: trivial group action

=

(gngIN -

The trivial group action of a on X is the one defined by
-

H = u = yng" = + gox
= x Yg = a , x eX

- so (gng")Nt "I

=> (gN((nN) (gN)" -> +(N =) +/N * "N 2) ef a so ex = X

e) (9 , 92) · x : X

proof:
HINN = HE ,

N-H = a g2
°X = X

g ,
°X =X

so g . (ga -x) =

g .. x = x = (g , gz) -x

example : a =

P4 on X
= 97 ,

2 , 3, 43

- Let of D4 and define rox = r(X) .

- Du = &(1) ,
31234)

, (12) (24)
,

(1432) , (12)(34), 2143(233,313312433
- (1234). 3 = 4
- (4)(23) · 3 : 2

- Let's prove it's a group action .

1. (7)x = x AXX

2 . Let 5
, M- D4

Wis : UM = X = 50 (Mox)
((M)·x = w(M(X))

= r(MoX)
= ro(M · x) A
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isotropic
↑

definition: a - equivalence definition : stabilizer subgroup of X

-

Let x , y
-X

. We say Xy
- This is defined as

-

IfIge a such that ax : Egtalgox = x3 = a

gax
= y -

-

In this case we say Xanay are G-equivalent. example :

- X = 51 , 2
,

3,43
- D4 = &(1) , (1234) , (13)(24) , (1432)

thm : (12) (34) , (14) (23) ,
(13)

, 12473
- ~a describes an equivalence relation on set X.

proof :
-

G()
= q() , (2473 Denisations- reflexive : Let xEX

.
WiS XwaX ,

-

9(2) = 9()
,

(7373

e. X = X
,

so XVX ,
-

a(z) = G() , (4)3
-

symmetric : Let x ,yeX s . t Xway . Wis ywax.
- ac)

=

&(1),
(73)3

X-ay = g
. x =

y

g o(y
* x) = goy

(g+g) ox = go y example:

X = g. y -

u = (Rit) acting on IR2
=
ywax .

- O · (x
,y) = rotation of (xyl by & radians

~ transitive : Let x ,y , z-X S .t Xay , yeaz. WiS Naz ,

xay
=>g , ex =

y for some git a
,

- Op = circle centered at the Origin with radius op.
M

y waz = gzoy
= E for some gztd .

P

substituting , ga. (g , ·x) = z
.

(gag ,)x
= z

=> XNaz
.

-

Sown describes an equivalence relational set X .
*

-

up
= 50t1)0 . p = p]

=

which angles leave the point intact ?

= E2KM /k +3 = < 22]

definition : orbit of X fix an X and see where it

- suppose a acts on X
. Then , I gets sent to

[x] = Egox)g + 93 ↳ partitions X

- This is the orbit of X denoted by Ox.

x = Eg -x/g + 93

trm : Ex is a subgroup of a

definition : fixed point set of G . proof :

- This is defined as - ax-G by definition,

Xg = Ex + X/g · x = x3 - Sine e-X = X
,

ef ax,

- Let g ,heax . Weigh tax . gif Ex.

example :
-

g , M + ax =) gox
= hox = x

- X = 51 , 2
,

3,43 => (gh) X =

g
. (n =x) =

g
- x - x

- D4 = &(1) , (1234) , (13)(24) , (1432) = gh + ax

(12) (34) , (147/237 ,
(13)

, (24)3 - ex = x => (g
+

g) -x = x = go(gox) = gaX = X

= g + ax -

-

X() = 91 ,
2 , 3

, 43 ↳
-

Thus
,

ax - a. *

-

X(1) = 92, 43

- X(24) = 27 , 33
- X(12)(34) = 0 = X(13)(24)

= X
(4)(23)

= X
(1224)

=

X (1432)
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thm :

-

Let a be a finite group and X is a finite a-set. Then,
-

a acts on X.

[a : ax] : Ox - The orbits partition X
.

for any x + X. -

Suppose X is finite , choose X
,, X21 ..., Xn to be the

reps of each disjoint orbit. Then,

example : X = YPx = (x) = 18x
,

1 + 18x2) +... (0xn)
- X = 31 ,

2
,
3

, 4 ,
5 , 63 = (l0x) + ...

+ (8xx))+xi)
-

a = &(1) , (12)(456) , (33)(46) / 92)(305413 = (xal+ 10xi)
i = k+ 1

-

a) = &(1) ,
1357(46)3

- Now cosets of a, in a ~

x - Ox if Ox = Ex3
, then g

. x : x Fgth .

1. a ,
= 9 (1) , (35)(46)3 -

Suppose x
,, X21 . --

, Xx are the elements of Xa . Then
,

2. (12)(3436)a1 : 9(12)(3456)
,
(12)(36343 Oxi = Ex ; 3 for i = 1 ,

2, . . .,
K

- 8 = 57 , 23 and 18xi131 for i : K+, . . .

,
n

.

- Consider the group action where a acts on a by conjugation

gox
= gxg" -

example : -

The set of fixed points.
- x = 91 ,

2, 3, 43 2x + algxy =xfy+ 93

-

a = D4 Ex + a(gx=

xgVyg+ 93
-

a.
= Grt Do 15(1) = 13 : E (1) . (24)3 = z(a)

~

cosets : -

Nole
,

1. (7) G ,
= & (1) , (24)3 (() = 1 (a) = 1z(a))+xi

a
. (13)41 = &(13)

,
(13)(24)3 ((l) = 3

33 (7234)a, = 9(1234)
, (12)(34)3 -(1) =

2
= It (a)l+ Ca : axi

4. (1432)a ,
= E (1432) , (14) (23) 3 0(1) = 4

-

Note ,

proof : axi = Sy + algoxi = xib
- Consider the cost nax .

= Eg-a) gxig" = X ; 3 centralize subgroup
- Now let gf Max = g =K for some +Ex

=

(g + a)gxi =xig3 = C(xi)Y
of Xi

-

inen
,

g
. x = (hk) - x

-

This gives us the class equation :

= no (kex) [group action] (a) = /z(a)l+ E[a : < (Xi)]

= n-X

-

so
,

for any hax
,

we have gox
= nex.

-

By definition
,

1G(xi)) -191
.

- Now suppose n , ax # heax . Wis n
,
x # Nag .

- If Ici)l) 18xil = 19

-

FTSOC
, suppose

- But ICall 1 so 1:1CX , 1 191 .

n , x
= n20X -

suppose lal = p2 and a is not abelian. Then
,

since

=> na"n· X =
X 2(a) G and has group order that has to divide lat

,

=> han ,
-> ax (z(a)) + 51 , 43

⑮
=> nax = haax o

-

Suppose 12(a)) = 1 , then divisors of ph , none of↓ which isI
-

Thus
,

19 : ax1 = /0x1 . p2 = 1+
,

24 : ((xi)]
-

Now
, let gox

-> OX
.

Then p2 = 1 +mp
l + gax

- So (E() =

p .

= l - x =

gox
-

So , 10x1 = [a : Gx]
.

- Thus
,

16 : ax1 = 10x1 .
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lemma:(a) * G
. problem :

proof :
-

Count how many necklaces will it beads can be created if each

- z(a) = a by definition . bead is red
, while or blue.

- etf(a) because ge egig Vgth . solution :

- Let gigz-> ECa) and let get .

-

There are 3"ways of placing 11 beads of one of 3 colors , but

= (9 .92)9 =

g , (g2g) cassociativity] some of them will be repeated.

=

g , (ggz) (gz + z()] BRR R
=

(919) g2 Cassociativity B
BBRB

= (ggi192 [g, + z()]

=

g(g , g2) Cassociativity] .

- Z1 acts on the coloring by rotation.

-

so g, get Eca) ·

i

o c = rotate coloring < by i clockwise

-

Now let ge ECG) and ne d. wishy-git .

- 10
,

1 = 11 .

(g"h) = rig -

answer : 3 + 3" - 3

11
= gri (g + z()]
=

(Ug- 1)

-

so gih = hg = g + z() turn : Burnside's Theorem

- Let a be a finite group acting on a set X .

alternative proof :
-

Let k be the # of orbits of X. Then ,

- Let g
- 9 and z-ZCa) . Then

g(zg)) = g(g'z)[z + z(a)] 13 = it a(Xg
=

(gg)z Cassociativity] example : beads

=
z -> = (a) cidentity]

- a = E => 19) = 11

- inus &Ca) 1 G - X = #colorings = (X) = 3"

-

xg
= Ex +x(g . x = x3

-

(xd = (x) = 3"

-

(x ,) = 3 = ( = iT(3" + 10 . 3)
- 9/(a) is a group

.
-

(2) = 3 &
- 19/t(a)) =

p so it's cyclic
- (ii) = 3

-

Let /Ecul = <a ECa))
,

then

gE(a)
= amz (a) for somem

= g : amx for some X - ECa). definition : ring
- n : any for some -E and yez(a)

-> A non empty set R is a ring if it has two closed operations ,

-

gh = (a
*

x)(any) addition and multiplication , satisfying the following conditions .

=

am(Xan)y 1. a + b = b +a fab - R + commutativity
=

am(anx)y [x - z(a)] 2 . (a + b) + c = a+ (b +c) Va,b , + R + associativity
= amtn XY [associanvity] 3. 50 + R s . t a + 0 =

a Fat R + identity

ny
= (a(y)(amx) 4. VatR , J-a fR st a + ( a) = 0 + inverse

=

an(yam)x 5. (ab)c = a(bc) Va
,
b , < -> R X associativity

= a(a y)x 6 . Va , b, < E R distribution

= amtnyX a(b+c) = ab + ac

= am+

nxy (a+ b)c = ac + bc

-

gh = ng => a is abelian.
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definition : types of rings proposition:

-

If 51t R St 10 and Ta = a7 = a VaER ,

- Let R be a ring with ab -R. There

we say R is a ring with unity or identity. 1. 90 = 89 : 0

-

A ring R for which ab :ba Fa,
b -> R is called a commutative ring .

a - a(b) = (a)b = - ab

-

A commutative ring with identity is called an integral domain if 3
.

(- a)(- b) = ab

Va
,
b - R s . tab = 0 => a= 0 or b = 0. proof :

-

A division ring is a ring R , with identify ,
in which every nonzero 1. a0 = a(0+ 0)

element in R is a unit ; that is
, VatR with a to , Jast = 90 + 90

a a
= na = 1

. = a8 +at
-

A commutative division ring is called a field
.

0 = a8

2 .
ab + a) - b) = a(b - b)

= O

Gtz
= O

En ,
R[X] = a(- b) = - ab

3
. (- a)(b) = - (a)- b)

=

- ( ab)

= ab B

I

E

thm :

Q , R, , Ep
- Let D be a finite integral domain. Then D is a field.

proof :

-

Let a - D with a + 0 .
Wis Ja'sit a = aa' = 1 .

#mi
-

Consider the map f : D-> D , f(x) = ax (left-multiplication by a) .

-> If n is prime then thu is an integral domain.
- we claim + is injective .

prosf : Suppose f(x1) = f(X2)
.

Then

- First
, mote that One &

, An is a commutative ring. So
, to prove ax

,
= aXz

it's an integral domain , we just need to show it has no zero divisors . => a(X , -X2) = 0 [5 axc" and distributivity)
- Now, , let p be a prime and let x , y

-> Ep. =X
,

- Xe = 0 in a finite algebraic structure

injectivity forces surjectivity which
- Consider Xy = 0 modp

=
X

,
= X2 often gives existence of inverses

or solutions.
=> plX or ply .

Sof is injective.

- Since p is a prime , this implies
- Since D is finite , injectivity forces surjectivity ,

X = 0 modp or y = 0 mody
-

Since we have surjectivity ,
IXED S . t

-Thus , [x][y] = 0 = [X] = 0 or <y] = 0. f(x) = aX = 7

-

inus
, Ep is an integral domain

.

~ Thus ,
this X is the multiplicative inverse of a

- Since Va + O - D
, D is a field. 1

thm : fundamental proof of finite fields

- If# is a finite field
, then

IF1 = pK for some p ,k
= 1.
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